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Résumé

Représentations /-extrémales des algebres
toroidales quantiques

Résumé

Cette these est consacrée a 1’étude des algebres toroidales quantiques et de leurs
représentations. Dans 'esprit des travaux de M. Kashiwara et suivant la définition pro-
posée par D. Hernandez, nous présentons différentes constructions de représentations inté-
grables appelées représentations f-extrémales. Par spécialisation du parameétre quantique,
nous obtenons des représentions de dimension finie des algebres toroidales quantiques aux
racines de I'unité.

La premiere construction utilise les cristaux monomiaux. Nous interprétons les monoémes
apparaissant dans les réalisations des cristaux extrémaux en terme de g-caractéres de
représentation sur I'algebre toroidale quantique (via des opérateurs de promotion).

Dans la seconde construction, les représentations f-extrémales sont obtenues par pro-
duit de fusion de représentations de plus haut ¢-poids et de plus bas ¢-poids (’action étant
définie via le coproduit de Drinfeld).

Nous proposons également une construction via ’algebre affinisée Uq(gloo) et son lien
combinatoire avec les algebres toroidales quantiques.

Mots-clefs

Groupes quantiques, théorie des représentations, algebres affines quantiques, algebres
toroidales quantiques, représentations extrémales, représentations f-extrémales, cristaux
monomiaux, opérateurs de promotion, coproduit de Drinfeld.



Extremal loop weight representations of quantum
toroidal algebras

Abstract

This thesis is devoted to the study of quantum toroidal algebras and their represen-
tations. In the spirit of M. Kashiwara and following the definition suggested by D. Her-
nandez, we give different constructions of integrable representations called extremal loop
weight representations. By specializing the quantum parameter, we get finite-dimensional
representations of quantum toroidal algebras at roots of unity.

The first construction uses the monomial crystals. We read into the monomials occur-
ring in the monomial realizations of extremal crystals in term of g-characters of represen-
tations over the quantum toroidal algebra (via promotion operators).

In the second construction, the extremal loop weight representations are obtained by
fusion product of ¢-highest weight representations and ¢-lowest weight representations (the
action being defined via the Drinfeld coproduct).

We also give a construction via the affinization algebra L{q(sAloo) and its combinatorial
link with the quantum toroidal algebras.

Keywords

Quantum groups, representation theory, quantum affine algebras, quantum toroidal al-
gebras, extremal representations, extremal loop weight representations, monomial crystals,
promotion operators, Drinfeld coproduct.
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Introduction

Les groupes quantiques

Un peu d’histoire

Les groupes quantiques sont apparus pour la premiére fois en physique statistique, dans
les travaux de L. D. Faddeev et de 'Ecole de Leningrad sur les procédés de diffusion inverse
(inverse scattering methods) pour résoudre des modeles intégrables. Ce sont des algebres
associatives définies a partir d’une matrice de constantes (dépendant du systeme intégrable
considéré) appelée la R-matrice quantique. V. G. Drinfeld et M. Jimbo [Dri85], [Jim85] ont
montré en 1985 que ce sont des algebres de Hopf qui, pour la plupart, sont des déformations
a un parametre de l'algebre enveloppante universelle associée a une algebre de Lie. Peu
de temps apres, S. L. Woronowicz [Wor89] et Yu. I. Manin [Man88] construisirent de
fagon indépendante des algébres de coordonnées quantiques, déformations d’algebres de
fonctions sur des groupes de matrices.

La terminologie de groupe quantique s’est popularisée apres son emploi par V. G.
Drinfeld lors du Congres International des Mathématiciens de Berkeley en 1986 [Dri87).
Il n’y en a pas de définition générale satisfaisante, mais il est commun d’appeler groupe
quantique une algebre de Hopf non-commutative, non-cocommutative satisfaisant a de
"belles" propriétés, dont les quantifications d’algebres enveloppantes d’algebres de Lie semi-
simples et d’algebres de Hopf de coordonnées sont les exemples fondamentaux.

Des connections variées en mathématiques et en physique

La théorie des groupes quantiques a depuis lors été I'objet d’un grand intérét et fascine
par la diversité des connections, souvent surprenantes et non établies auparavant, qu’elle
entretient avec des domaines des mathématiques tels que la théorie des noeuds et de
3-variétés, la théorie des représentations des algebres de Lie en caractéristique positive ou
encore la combinatoire avec la théorie des bases cristallines.

Cette premiére connection émerge en 1984 lorsque la théorie des noeuds aborde un
virage déterminant : V. F. R. Jones [Jon85] découvre un invariant polynomial de noeuds
grace & des techniques totalement nouvelles faisant intervenir les groupes quantiques[ﬂ En
effet, 'ingrédient principal de la construction de Jones est I'utilisation d’une solution R
de I’équation de Yang-Bazter quantique

RiaR13R23 = RozRi3R12 (YBE)

1. En fait, la construction originelle de V. F. R. Jones utilise les algebres de Von Neumann. La
reformulation de la théorie de Jones a l'aide des groupes quantiques est due & N. Reshetikhin et V. G.
Turaev [RT90].
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ott R € End(V ® V), V espace vectoriel de dimension finie, et Ris = R ® Id € End(V®3)
(Ra3, R13 étant définis de maniére analogue). Une telle solution R est communément
appelée R-matrice. En prenant une trace de Markov adaptée, on obtient un invariant
de noeuds dépendant du parametre de déformation ¢ : c’est le polynéme de Jones. Les
groupes quantiques sont dans cette théorie ’outil principal pour construire de fagon sys-
tématique des solutions de 1'équation (YBE). V. G. Drinfeld [Dri87] a ainsi obtenu des
formules pour les R-matrices dans le cas sls. Le calcul des R-matrices dans le cas sl,41 a
été établi par M. Rosso [Ros89], et dans le cas général par A. N. Kirillov et N. Reshetikhin
[KRI0], S. Levendorskii et Y. Soibelman [L.S90].

Pour les invariants sur les 3-variétés, nous pouvons citer les travaux de E. Witten
[Wit89] provenant majoritairement de la physique, en terme de théorie des champs quan-
tiques. A la lumiére de ces résultats, N. Reshetikhin et V. G. Turaev [RT91] ont réalisé
ces invariants a partir de représentations de groupes quantiques aux racines de 1'unité.
L’un des enjeux actuels est le développement d’invariants catégoriques pour les 3-variétés,
dans l’esprit des travaux de M. Khovanov. Une étape difficile de ce programme est la
catégorification de groupes quantiques aux racines de 'unité (a ce sujet, voir les travaux
récents [KhoO5l [ KQ12, [EQ13]).

L’apport des groupes quantiques a I’étude des représentations des algebres de Lie en
caractéristique positive est tout aussi remarquable. Lorsque le parametre de déformation
q n’est pas une racine de I'unité, la théorie des représentations de l'algébre de Lie simple
complexe est essentiellement la méme que pour le groupe quantique associé. Le cas ou g
est une racine de I'unité est tres différent : par exemple la catégorie des représentations
de dimension finie du groupe quantique n’est cette fois plus semi-simple. En fait, si
q est une racine p-éme de 'unité, la théorie des représentations du groupe quantique est
étroitement liée a celle de I'algebre de Lie sous-jacente sur le corps fini IF,, a p éléments. Les
applications sont nombreuses notamment en théorie modulaire. Mentionnons également
des connections avec la théorie des représentations des algebres de Hecke aux racines de
I'unité et son lien avec celle du groupe symétrique en caractéristique positive (voir [Jac12)
a ce sujet).

Dans le contexte des modeles intégrables, le parameétre de quantification ¢ représente
la température et ¢ = 0 correspond au zéro absolu. Il est alors raisonnable d’espérer
que I’étude des groupes quantiques et de leurs représentations soit simplifiée dans cette
situation. C’est en effet ce qu’a découvert M. Kashiwara en 1991 en introduisant la notion
de bases cristallines [Kas91] : en ¢ = 0, il existe une bonne base (dite base cristalline) pour
ces représentations qui possede une structure combinatoire riche appelée graphe cristallin.
Cet outil puissant permet de réduire de nombreuses propriétés des représentations du
groupe quantique a de la combinatoire. A la méme période, une approche plus géométrique
due & G. Luzstig a également mené a la notion similaire de bases canoniques [Lus91].

De maniére non-exhaustive, citons également des liens entre les groupes quantiques et
les fonctions spéciales, la topologie en basse dimension, les algebres d’opérateurs ou encore
la géométrie non-commutative.

Les groupes quantiques ont une origine physique, dans le procédé de diffusion inverse
quantique en théorie des modeles intégrables. Ils interviennent également dans des do-
maines variés tels que la physique des particules élémentaires ou encore la théorie des
champs quantiques et des champs conformes. En effet on observe de fagcon expérimentale
que les regles de fusion en théorie des champs conformes peuvent étre reproduites en con-
sidérant des produits tensoriels de représentations de groupes quantiques aux racines de
I'unité. Des résultats de T. Kohno [Koh89| et V. G. Drinfeld [Dri89], et ultérieurement
de D. Kazhdan et G. Lusztig [KL93], viennent confirmer les liens profonds existant entre
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groupes quantiques et théorie des champs conformes.

Les algebres affines quantiques

Définition de U, (g)

Soit g une algebre de Lie simple sur C. Le groupe quantique associé U,(g) peut étre
considéré comme une généralisation de g dans le sens ot, en prenant la limite classique
g = 1, on retrouve l'algebre enveloppante universelle #(g). Une autre algebre a une
importance toute particuliere par ses propriétés et la variété de ses applications, il s’agit
de l'algebre de Lie affine § associée a g. C’est la généralisation naturelle en dimension
infinie de l'algebre de Lie g. L’un des faits remarquables des algébres de Lie affines est
qu’elles admettent deux réalisations : I'une donnée par les générateurs et relations usuels
définissant une algebre de Kac-Moody, 'autre comme extension centrale de ’algébre de
Lie des applications régulieres de C* — g.

Ces deux procédés (affinisation et quantification) peuvent alors étre utilisés simul-
tanément : a l'algebre de Lie affine g est associée la déformation U,(g) de son algebre
enveloppante universelle. C’est I'algebre affine quantique, qu’on réalise ici a l'aide des
générateurs de Serre - Chevalley. Comme dans le cas classique, les algebres affines quan-
tiques admettent une autre présentation en terme de générateurs de Drinfeld. En effet par
un procédé d’affinisation due a V. G. Drinfeld, I’algebre affine quantique U, (g) s’obtient a
partir du groupe quantique Uy (g) associé [Dri88), [Bec94]. Ainsi les procédés d’affinisation
et de quantification peuvent étre effectués “dans n’importe quel ordre”, ce qui se traduit
par la commutativité du diagramme suivant [EFK98]|

Uy(g)
Quantiﬁcatiy{ Qcédé d’affinisation de Drinfeld
g Uyg(8)
Afﬁnisa& %;tiﬁcation
g

Cette propriété, et beaucoup d’autres, font des algebres affines quantiques un sujet de
recherche extrémement actif aux applications variées (voir par exemple [AK97, [CP91],
CP95l, [CP94, [FR99, EMO01), [EMO03|, NakO1l, Nak03]). En outre elles permettent, a partir
d’une représentation irréductible de dimension finie V' de U,(g), la construction de solutions
de I’équation de Yang-Baxter avec parametres spectraux :

R12 (u)R13 (UU)Rgg(U) = R23 (v)ng(uv)ng(u).

Ici V'inconnue R(u) de cette équation est un endomorphisme de V' @ V' qui dépend d’un
parametre u € C*.

Représentations de dimension finie de ¢/,(g)

Aussi ’étude des représentations de dimension finie des algebres affines quantiques est-
elle un enjeu considérable et est 'objet d’intenses recherches. Contrairement au cas semi-
simple, les représentations de plus haut poids de U, (g) sont de dimension infinie. En 1991,
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V. Chari et A. Pressley [CP95] utilisent la réalisation de Drinfeld de U, (g) pour obtenir
une classification des représentations de dimension finie : ce sont des représentations dites
de plus haut K—poidsEl, analogue pour la réalisation de Drinfeld des représentations de plus
haut poids, paramétrées par des Ip-uplets de polyndémes dont le coefficient constant est 1
(avec Iy 'ensemble des sommets du diagramme de Dynkin associé a g).

Pour la réalisation de Drinfeld de I'algebre affine quantique, le morphisme de caractere
ne permet pas de comprendre correctement l'anneau de Grothendieck Rep(U,(g)) des
représentations de dimension finie. E. Frenkel et N. Reshetikhin [FR99] ont introduit en
1999 la notion de g—caracteres : il s’agit d’un morphisme d’anneaux injectif

Xq : Rep(Uy(8)) — Z[Y;il]ielo,aec*

décrivant l'action de la sous-algebre de Cartan sur les représentations de U, (g) de dimen-
sion finie (les monémes correspondant ici a des valeurs propres communes de cette sous-
algebre, appelés f-poids). Il n’existe pas de formule générale pour le calcul du g—caracteére
d’une représentation. Cependant H. Nakajima [NakO1] a exprimé dans les cas ADE les
g—caracteres irréductibles en terme de cohomologie de certaines variétés de carquois.

Représentations extrémales de U,(g)

M. Kashiwara [Kas94, [Kas02b] a défini une classe de représentations intégrables des
algebres affines quantiqueslﬂ appelées représentations extrémales. Ce sont des représenta-
tions V()), avec une base cristalline B(\), paramétrées par A dans P le réseau des poids
intégraux de g, et définies par des relations a partir d’un vecteur dit extrémal. Lorsque A
est dominant, on retrouve une représentation simple de plus haut poids. Mais en général
V(X) n’est pas simple, n’est pas de plus haut poids ou de plus bas poids, ou méme dans
la catégorie 0. Ces représentations ont une importance particuliere car, pour certaines
valeurs de A, elles ont des quotients de dimension finie. M. Kashiwara a ainsi démontré
I’existence de bases cristallines pour les représentations fondamentales de dimension finie
de U,(g) (pour des parametres spectraux particuliers).

Connections avec d’autres domaines des mathématiques

Les algebres affines quantiques apparaissent dans bien d’autres domaines des math-
ématiques. En type A, elles sont en dualité de Froebenius-Schur avec les algebres de
Hecke affines [CP94]. D. Hernandez et B. Leclerc [HLI0] ont également démontré qu’il
existe une structure d’algebre amassée sur des sous-anneaux de I’anneau de Grothendieck
Rep(U,(g)) des représentations de dimension finie. Cette catégorification monoidale des
algeébres amassées a permis de résoudre des conjectures de positivité.

2. La lettre ¢ est communément utilisée en théorie des représentations de l'affinisation quantique U, (g)
d’une algebre de Kac-Moody quantique Uy (g). Elle provient du mot lacet (loop en anglais) et rappelle qu’il
est ici question de I'analogue quantique de l'algeébre de Lie des lacets de C* — g associée a g. Notons que
le cas des algebres affines quantiques Uy (§) est singulier : ces algébres ayant deux réalisations en terme de
générateurs de Serre - Chevalley et en terme de générateurs de Drinfeld, il y a pour Uy(§) les notions de
représentations de plus haut poids et de plus haut ¢-poids. En particulier, la présence de la lettre £ est
essentielle dans ce cas.

3. On réalise ici Uy(§) a laide des générateurs de Serre - Chevalley.
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Les algébres toroidales quantiques U, (g"")

Définition de U, (g"")

Maintenant, les algebres affines quantiques étant en particulier des algebres de Kac-
Moody quantiques, il est possible de les affiniser de nouveau par le procédé de V. G.
Drinfeld [Dri88] (voir le diagramme ci-dessous [EFK9§|). L’algebre ainsi obtenue est ap-
pelée l'algébre toroidale quantique (ou algébre doublement affine) et notée U, (g"").

Uy (g

Quantlﬁ@V ﬁmsamon
flinisation
Affinisation Quantification

Z/lq (gtor )

Ce procédé ne peut alors étre répété, ’algebre toroidale quantique n’étant pas pour sa part
une algébre de Kac-Mooky quantique. Ainsi U,(g"") apparait dans cette théorie comme
I’ “objet terminal” et la généralisation “ultime” de I'algebre de Lie g et du groupe quan-
tique associé Uy(g). De plus, les deux réalisations de I'algebre affine quantique U, (g) se
retrouvent comme sous-algebres de l'algebre toroidale : comme sous-algebre affine quan-
tique horizontale L{g(gt‘”’) et comme sous-algebre affine quantique verticale U2"(g'").

Les algebres toroidales quantiques ont été introduites pour la premiere fois en type
A par V. Ginzburg, M. Kapranov et E. Vasserot en 1995 [GKV95], et de fagon générale
par N. Jing [Jin98| et H. Nakajima [Nak01]. Dans le cas des diagrammes de Dynkin sim-
plement lacés, une construction géométrique des algebres toroidales quantiques qui utilise
les variétés de carquois a été développée par H. Nakajima [Nak02] (voir aussi [VV]).
Comme pour les algébres affines quantiques en type A, elles sont en dualité avec les al-
gebres de Cherednik elliptiques [VV96] (algebres de Hecke doublement affines elliptiques).
L’étude des représentations de ces algebres n’en est qu’a ses débuts. Réputée difficile
(voir l'introduction de [E.JMM13]), elle est encore tres peu comprise. Mais on peut en es-
pérer des applications prometteuses et variées, comme c’est le cas pour les algebres affines
quantiques et les algebres de Cherednik [Che95].

Représentations de U, (g"")

Les représentations irréductibles intégrables des algebres toroidales quantiques dans
la catégorie O ont été classifiées en type A par K. Miki en 2000 [Mik00]. Ces résultats
ont successivement été étendus par H. Nakajima [Nak01] puis D. Hernandez [Her05]. Ces
représentations sont, comme pour ’algebre affine quantique, des représentations de plus
haut ¢-poids paramétrées par des I-uplets de polyndémes dont le coefficient constant est
1 (ou I est l'ensemble des sommets du Diagramme de Dynkin de §). Dans le cas de
U, (g™"), elles sont de dimension infinie. Il existe pour ces algébres aussi une théorie des
g—caracteres développée par D. Hernandez [Her(05], analogue au cas des algebres affines
quantiques. L’une des premieres réussites de cette théorie est la construction d’une action
de l’algebre toroidale quantique de type A sur l'espace de ¢—Fock [VV98, [STU9S].
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Plus récemment, B. Feigin, M. Jimbo, T. Miwa et E. Mukhin [FJMMI13] ont construit
des représentations de la d-déformation de I'algebre toroidale quantique de type A ayant
pour bases naturelles des partitions planes (avec certaines conditions supplémentaires).
Par restriction, ils obtiennent une description combinatoire des modules de type Weyl
sur l'algebre affine quantique utilisés en théorie des représentations des W-algebres. Des
applications sont également espérées pour les constructions de type Wakimoto des modules
de Feigin-Fuchs sur 'algebre affine quantique.

Représentations (-extrémales de U, (g"")

L’une des questions essentielles de la théorie des représentations des algebres toroidales
quantiques est la construction de représentations de dimension ﬁnielﬂ En effet pour le
moment, tres peu d’exemples de telles représentations existentﬂ Dans l'esprit des travaux
de M. Kashiwara sur les représentations extrémales, D. Hernandez [Her(9] a proposé la
définition de représentations f-extrémales pour les algebres toroidales quantiques.

Définition. [Her(9] Une représentation (-extrémale de ’algébre toroidale quantique Uy (g'")
de £-poids m est une représentation intégrable V telle qu’il existe un vecteur v de £-poids
m satisfaisant a

(i) Ug(g"") v =V,

(ii) v est extrémal pour la sous-algébre affine quantique horizontale Ug‘(gtw) au sens de
M. Kashiwara [Kas94)],

(iii) les sous-algébres verticales Ll;”i(gt‘””) agissent de fagon localement finie sur V.

Comme dans la théorie de M. Kashiwara, I'une des motivations principales de cette
définition est la construction de représentations de dimension finie, cette fois-ci aux racines
de 'unité. Jusqu’alors, tres peu de telles représentations étaient connues. En particulier,
il n’existait pas de procédé général de construction de représentations f-extrémales ou
encore de représentations de dimension finie de 'algebre toroidale aux racines de I'unité.

4. Les représentations de dimension finie obtenues dans cette thése le sont par spécialisation du
parameétre quantique & une racine de I'unité. Aucun exemple de représentation de dimension finie n’est
connu dans le cas ou ¢q est générique. En particulier, le procédé proposé ici nécessite cette spécialisation
aux racines de l'unité.

5. Le premier exemple d’une telle représentation est donné dans [Her09]. Exception faite des représen-
tations construites dans cette these, il n’y en a pas d’autre a notre connaissance.
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Résultats obtenus dans cette thése

Cette these s’inscrit dans cette direction. Nous présentons trois procédés de construc-
tion de représentations (-extrémales pour 1'algébre toroidale quantique Uy (sl27,) (n > 2)
de type A :

1. via les cristaux monomiaux de M. Kashiwara et de H. Nakajima (Chapitre 2 - article
[Man12c| accepté pour publication dans Pacific Journal of Mathematics),

2. par produits de fusion via le coproduit de Drinfeld (Chapitre 3 - article [Manl3al
prépublié arXiv:1305.3481),

3. via l'algebre affinisée quantique Z/{q(gloo) (Chapitre 4 - article [Man13b] en prépara-
tion).

Nous construisons ainsi de nouvelles familles de représentations f-extrémales. En spécial-
isant le parameétre quantique, nous obtenons de nouvelles représentations de dimension
finie de l'algebre toroidale quantique aux racines de I'unité.

Durant la préparation de cette these, il est apparu que certaines des représentations
que nous avons construites (les représentations vectorielles) sont également utilisées par
B. Feigin, M. Jimbo, T. Miwa et E. Mukhin [FJMMI3| dans le cas de la d-déformation
L{q,d(slfﬂ;l) de l'algebre toroidale quantique de type Alﬂ Notons cependant que la con-
struction des représentations vectorielles y est tres différente : elles sont obtenues dans
[EIMM13] comme déformation quantique d’un module sur une algebre de Lie d’opérateurs
différentiels. Comme nous 'avons déja évoqué, leurs motivations sont également distinctes
des notres, avec des perspectives en théorie des modules de type Weyl et de Feigin-Fuchs
(voir [EJMM13]).

Construction via les cristaux monomiaux

Le procédé de construction des représentations /-extrémales présenté dans le chapitre 2
de cette these repose sur le cristal monomial M définit par M. Kashiwara et H. Nakajima
[Kas03l Nak03]. Les sommets de ce cristal sont des monoémes dans Z[Yiil]ie I,acCx, €t les
opérateurs de Kashiwara sont définis par analogie avec la combinatoire des g-caracteres
d’une algebre affinisée quantique. Il permet de réaliser les cristaux de type fini pour le
groupe quantique Uy(sly4+1). En 2006, D. Hernandez et H. Nakajima [HNOG] obtiennent
une réalisation monomiale des bases cristallines B(wy) (¢ € Iy) des représentations ex-
trémales fondamentales V (wy) (wy = Ay — Ao, A; i-éme poids fondamental) de 1'algebre
affine quantique L{q(gln+1) lorsque n = 2r + 1 est supposé impair : le cristal B(wy) est
isomorphe au sous-cristal My , de M| engendré par le monéme }@aY(Ialqd , (avec a € C* et
dy la distance des sommets 0 et ¢ dans le diagramme de Dynkin). Par exemple, le cristal
Ma , pour l'algebre affine quantique Mq(§l4) est

6. Nous voudrions remercier H. Nakajima pour nous avoir fait remarquer ce point.
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Comme nous 'avons déja évoqué, ces mondmes se retrouvent dans la théorie des ¢-

caractéres de I'algebre toroidale quantique Uy(slf ). D’ott une question naturelle : existe-

t-il une représentation Vo de Uy (slf? ) dont le g-caractére serait la somme des monomes
apparaissant dans le cristal M, ? Si c’est le cas cette représentation serait un bon
candidat pour étre une représentation f-extrémale. Seulement, une condition nécessaire
est que cet ensemble de monomes satisfasse, en plus de sa structure de cristal, les propriétés
combinatoires des g-caracteéres (voir [FMO1]). Ceci nous ameéne a introduire dans cette
these la notion d’ensemble de mondmes clos : ¢’est un ensemble qui respecte les propriétés
combinatoires du cristal et des g-caracteres. Des lors pour que le cristal M, , soit clos,

des conditions restrictives sur le parametre ¢ € Iy doivent étre prises. En effet, on a

Proposition. (Theorem|2.2.22) Supposonsn = 2r+1 impair (r > 1). Le cristal monomial
My.q est clos si et seulement si

{=1,r4+1 oun. (C1)

Ce résultat s’obtient par étude des symétries des cristaux My,. En effet, le dia-

gramme de Dynkin de type AS) est cyclique. L’automorphisme de rotation se retrouve
au niveau des cristaux par 'existence d’opérateurs de promotion. Ces opérateurs ont été
introduit par M. Shimozono en 2002 dans I’étude des cristaux de type fini sur U,(sl,+1)
[Shi02]. On introduit ici la notion d’opérateurs de promotion pour les cristaux extrémaux
fondamentaux sur Uy(sl, 1) qui traduit les symétries dans My, (voir [ManiZa] pour le
cas du U,(sly)-cristal Ma,). Leur role est déterminant dans la démonstration de cette
proposition.

Il est donc nécessaire de supposer que ¢ satisfasse (C1) pour espérer construire une
représentation Vy , de L{q(slfﬁ_l) dont le g-caractere est la somme des mondémes apparaissant
dans le cristal My ,. En fait cette condition est suffisante.
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Proposition. (Theorem Supposons que ¢ € Iy satisfasse (C1). 1l existe une

représentation Vi, de Ug(sli]) telle que

Xq(w,a) = Z m.

mEnga

Pour construire les représentations V;,, on “colle” ensemble des représentations de
dimension finie des sous-algebres affines quantiques verticales (voir [Manl2a]). Notons
qu’ici aussi les opérateurs de promotion jouent un role primordial dans notre construc-
tion, puisqu’ils permettent de s’assurer de la compatibilité entre les actions des différentes
algebres verticales. Cette construction des représentations Vy, s’étend au cas n > 2 pair
et £ =1,n.

Rappelons que le but était de construire des représentations f-extrémales. On a le

Théoréme. (Theorem Supposons que ¢ € Iy satisfasse (C1). La représentation
Via de Uq(sl;ﬂfl) est une représentation £-extrémale associée au £-poids Yg’aYofalqdz. On
Uappelle la représentation £-extrémale fondamentale.

Lorsque le cristal My, n’est pas clos, il n’est pas possible de lui associer une représen-
tation de l'algebre toroidale quantique de fagon directe. On peut néanmoins procéder
comme ceci : considérer a la place de My, un cristal Mg’a le contenant et qui soit clos.
La question de 'existence d’une représentation, cette fois-ci associée a ﬂg,a, se pose de
nouveau. Cependant la structure de My, est plus compliquée que celle de My, et il est
difficile (pour nous en tout cas) de construire systématiquement 1’éventuelle représentation
de Uq(slf{’ll) associée a M@}a. On se propose donc de vérifier sur un exemple qu’une telle
représentation existe bien.

En plus d’opérateurs de promotion, il existe un automorphisme de décalage du parameétre
spectral

Tpe - Y;,ia}f — Y;izsﬂw
sur les cristaux My, . Par exemple pour le Uq(§l4)—cris‘cal Ma 4, T2 induit un automor-
phisme de Ms,. Ces automorphismes de décalage sont reliés a des représentations de
dimension finie de ’algebre toroidale quantique aux racines de 'unité. Plus précisément
en spécialisant les relations définissant les représentations f-extrémales fondamentales aux
racines de I'unité, on obtient le

Théoréme. (Theorem Supposons que € satisfasse (C1). Soit L > 1 et € une

racine primitive (peL) de l'unité. Il existe une représentation irréductible [Vy 4], de l’algebre

toroidale Ue(sl’?[ 1) de dimension finie égale a L x < " 2— 1 )

Construction par produits de fusion

Dans le chapitre 3 de cette these, nous présentons une construction des représentations
l-extrémales par produits de fusionﬂ pour lalgebre toroidale quantique Uy(slf;). On
s’inspire ici des travaux de M. Kashiwara sur les représentations extrémales des algebres
affines quantiques : elles sont étroitement liées au produit tensoriel d’'un module de plus

7. Le terme de produit de fusion est utilisé dans [Her(O7] dans le cadre de produits tensoriels de représen-
tations d’algébres affinisées quantiques appartenant a la catégorie Oint. Nos travaux généralisant ces
constructions, nous reprenons cette terminologie ici.
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haut poids par un module de plus bas poids. Dans cet esprit, on étudie ici le produit
tensoriel (¢ € I et a € C¥)
V(Yea) @ V(Y )

O,aqdl

d’un module fondamental simple de plus haut ¢-poids Yy, par un module fondamental
simple de plus bas f-poids Yo,_alqd ,- 1l n’y a pas de structure d’algebre de Hopf connue
sur l'algebre toroidale quantiquelﬂ Cependant il existe un coproduit Ap (le coproduit de
Drinfeld) & valeur dans une complétion du produit tensoriel. Ce coproduit, sous réserve
de résultats de convergence, peut étre utilisé pour définir une action de ’algébre toroidale
quantique. Citons notamment a ce sujet les travaux récents de B. Feigin, M. Jimbo, T.
Miwa et E. Mukhin [FEJ™11a, [FFJT11bl [FIMMI12, [FJMMTI3] ou de D. Hernandez [Her(7].

Nous introduisons ici un procédé pour définir, a ’aide du coproduit de Drinfeld, une
action de ’algebre toroidale quantique sur V(Y ) ® V(Yojalq 4,) (en fait, ce procédé permet
de définir une action de l'algebre toroidale quantique sur une classe plus importante de
produits tensoriels) :

Théoréme. (Theorem Soit £ € Iy et a € C*. Le coproduit Ap est bien défini sur
V(Yea) @ V(Y L)

0,aq%

et munit ce produit tensoriel d’une structure de module sur l’algebre toroidale quantique
Ug(sL7T1)-
Considérons Ty, le sous-module de V(Yy,) ® V(Y&;qd ,) engendré par le produit ten-

soriel d’un vecteur de plus haut /-poids par un vecteur de plus bas ¢-poids. Il constitue
notre candidat pour étre une représentation f-extrémale de £-poids }@aYO_alqd ,- En fait, la

cyclicité du diagramme de Dynkin nous impose les conditions suivantes : pour que Ty,
soit £-extrémale, il faut que n et £ satisfassent a la condition

((=1,n)ou(n=2r+1letl=r+1). (C2)
On conjecture que cette condition est également suffisante.

Conjecture. (Conjecture Supposons que n et £ satisfassent (C2). Alors Ty,
est une représentation L-extrémale de £-poids YMY;)_alqd[, isomorphe a la représentation

l-extrémale fondamentale Vi ,.

On démontre cette conjecture pour £ = 1,n. Lorsque ¢ = 1, la représentation fonda-
mentale (-extrémale V; , est également appelée représentation vectorielle de Z/{q(slffll).

On étudie le produit tensoriel de représentations f-extrémales fondamentales lorsque
les parametres spectraux sont choisis génériquement. On obtient de cette maniere de

nouvelles représentations f-extrémales. En effet on a le

Théoréme. (Theorem Theorem Supposons que n et { satisfassent (C2).
Soient k € N* et ay,as, -+ ,a; € C* tels que

w
— ¢ ¢t pour tout i < j.
aj

Alors le coproduit Ap munit le produit tensoriel

‘/ﬁ,al ® w,ag ® ctt ® w,ak

8. Voir cependant les résultats annoncés dans Yangians for Kac-Moody algebras par N. Guay et H.
Nakajima.
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d’une structure de représentation irréductible sur Z/Iq(slﬁlojl) qui est £-extrémale de £-poids

Yoar - Yea Yy gy Yy

O,a1g? T 0,a1q%”

On considere en particulier le cas de produits tensoriels de représentations vectorielles
lorsque l'ensemble des parametres spectraux forme un g-segment. On obtient de cette
maniere une autre famille de représentations f-extrémales.

Proposition. (Proposition Soit k € N* et a € C*. Il existe un sous-espace vectoriel
Via (0t a={a,aq?,--- ,ag2*"D}) de

Via®Viag—2® - @ V) gg-20-1)

qui peut étre muni d’une structure de représentation sur l’algébre toroidale quantique
Uy (sI271). De plus, V1,4 est irréductible et (-extrémale de (-poids

-1y -1 -1
Yl,aYLaq72 te ifl’aq—2(k71)1/07aqu0,aq71 T )/Oiaq—Q(k—lH—l‘

On retrouve également toutes les représentations f-extrémales fondamentales obtenues
dans la premiere partie a partir de ce produit tensoriel. En effet, on a le

Théoréme. (Theorem Supposons n = 2r + 1 impair (r > 1). Le coproduit Ap
munit le produit tensoriel

Via® ‘/i,aq_Q Q- ® ‘/1,aq—2r

d’une structure de représentation sur Uy(slir,). Elle est non irréductible, et admet un

sous-module isomorphe a la représentation -extrémale fondamentale V,q qq-r—2.

Par spécialisation du parameétre quantique, on obtient de nouvelles représentations de
dimension finie de l’algebre toroidale aux racines de 'unité.

Théoréme. (Theorem Theorem Supposons que n et £ satisfassent (C2).

Sotent L > 1 et € une racine primitive (pgL) de l'unité. Soient également k € N* et
ai,az,--- a0 € C* tels que

ai ¢ 2Pl
aj

pour tout © < j.

Alors le coproduit Ap munit le produit tensoriel

[W,al]e & [w,az]e Q- [W,ak]e

d’une structure de représentation irréductible sur l'algébre toroidale Ue(slt?[,)" de dimen-

(1]

On obtient un résultat analogue pour le produit tensoriel de représentations vectorielles
lorsque I’ensemble des parameétres spectraux forme un g-segment.

sion finie
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Construction via Palgébre affinisée quantique U, (sl..)

Dans le chapitre 4 de cette these, nous développons la théorie des représentations /-
extrémales pour l'algebre affinisée Z/{q(sAloo). Nos motivations pour ’étude de ces représen-
tations sont doubles.

— La théorie des représentations de I'algebre affinisée Z/Iq(gloo) et de l’algebre toroidale
quantique Uy(sl!’7;) (n > 2) ont un lien combinatoire. En effet, le diagramme de
Dynkin associé a l'algebre U, (s Z"};l) se déduit du diagramme de Dynkin de type A
par passage au quotient par I’automorphisme de décalage de n 4+ 1 sommets. Cet
automorphisme induit en particulier un morphisme d’anneau

On Z[Yi,ial]iez,ae(c* — Z[Y;;l]iGZ/(n+1)Z,a€C*

donné par d)n(YZ’ial) = Ygial Dans un article de 2011, D. Hernandez [Herll] con-

jecture que I'image par ¢, du g-caractere d’une représentation irréductible dans la
catégorie Oiyy est le g-caractére d’une “vraie” représentation de 'algebre toroidale
quantique L{q(slﬁﬁ’;l). De plus, il démontre que cette propriété est satisfaite par
Pensemble des modules de Kirillov-Reshetikhin de U, (sls). Dés lors, notre motiva-
tion est la suivante : construire des représentations /-extrémales pour 'algebre affin-
isée L{q(sAloo) et déterminer I'image de leur g-caracteére par ¢,,. Nous verrons que c’est
effectivement le g-caractere d’une représentation de Z/lq(slﬁfjl), et qu’on retrouve de
cette maniere les représentations f-extrémales fondamentales de 1’algebre toroidale
quantique. En particulier, nous démontrons la conjecture énoncée par D. Hernandez
dans [Her11] pour les représentations ¢-extrémales fondamentales de L{q(sAloo).

— L’algebre Z/{q(gloo) est définie comme la limite inductive des algebres affines quan-
tiques Uy (sly11) (n > 2). Pour cette raison, la théorie des représentations de U (sloo )
est mieux comprise que pour une algebre affinisée générale (en particulier mieux que
pour les algebres toroidales quantiques) : les modules de Kirillov-Reshetikhin sont
minces (i.e. laction de la sous-algebre de Cartan est diagonale et les sous-espaces
propres associés sont tous de dimension un) et possedent une base indexée par des
tableaux de Young sur laquelle I'action de L{q(sAloo) est explicitement connue. La sit-
uation est bien différente dans le cas des algebres toroidales quantiques : les modules
fondamentaux ne sont pas minces en général et 'action de la sous-algebre de Car-
tan pas diagonale. C’est le sens de 1’étude faite dans [Her11] : utiliser la théorie des
représentations de 1'algebre U, (sloo) (plus simple) et le lien combinatoire précisé plus
haut pour obtenir des formules de g-caractere pour des représentations de Z/{q(slffjl).
C’est aussi la direction qu’on propose de prendre ici, étudier les représentations /-
extrémales de l'algebre Z/{q(gloo) (qui sera plus aisée que dans le cas toroidal) en
espérant par le lien combinatoire construire des représentations f-extrémales cette
fois sur I’algebre toroidale quantique.

On construit des représentations f-extrémales sur I'algebre affinisée L{q(sAloo) par pro-
duit de fusion, en reprenant les méthodes mises au point dans le chapitre 3 pour I’algebre
toroidale. On consideére le produit tensoriel (¢ > 1 et a € C¥)

VO(Ye) © V(g L)
d’un module fondamental simple de plus haut ¢-poids Yy, par un module fondamental
simple de plus bas {¢-poids Y()jalqde' On définit sur ce produit tensoriel une action de

Uq(gloo) grace au coproduit de Drinfeld.
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Proposition. (Pmposition Le coproduit Ap est bien défini sur

VO (Yia) @ V(YT )

O,aqdf
et munit ce produit tensoriel d’une structure de module sur l’algébre affinisée Z/{q(sAloo).

De méme que dans le cas toroidal, on considere Vfg le sous-module de V>°(Y;,) ®
VOO(YO_alqdz) engendré par le produit tensoriel d’un vecteur de plus haut ¢-poids par un
vecteur de plus bas f-poids. On détermine une base de Veog indexée par les tableaux

de Young de forme (¢) sur laquelle Paction de Uy(sls) est explicitement connue. En
particulier on obtient le

Théoréme. (Theorem |4.3.14) Soit £ > 1 et a € C*. La représentation V7, de L{q(sAloo)

est irréductible, mince et £-extrémale de (-poids Y, .Y !

O_qué. On Uappelle la représentation

{-extrémale fondamentale.

Notons que les représentations f-extrémales fondamentales peuvent également étre
obtenues grace aux cristaux monomiaux, dans l'esprit du chapitre 2. La représentation
V%, est ici aussi appelée la représentation vectorielle de Z/lq(sAloo). On obtient des résultats
analogues au cas toroidal par produit de fusion de représentations ¢-extrémales fondamen-
tales. En particulier, on retrouve toutes les représentations ¢-extrémales fondamentales a
partir d’un produit de fusion de représentations vectorielles.

La motivation principale de ’étude des représentations ¢-extrémales de ’algebre affin-
isée L{q(sAloo) est son application au cas toroidal. On a le

Théoréme. (Theorem Supposons que n > 2 est pris tel que

1
(n est pair et £ <n+1) ou <n est impair et £ < n—2|—> ]

Alors ¢n, (Xq(Vg?;’)) est le q-caractére d’une représentation de ’algébre toroidale quantique
Uy(sli2f1)- On la note [V2S]n

En particulier, ce résultat confirme la conjecture énoncée [Herll] pour les représentations
l-extrémales fondamentales de Uy (sls).
Rappelons que le but est la construction de représentations f-extrémales pour I'algebre

toroidale quantique Uy (sl%% ;). On obtient le résultat suivant dans ce sens.

Théoréme. (Theorem

(i) Supposons que n > 2. Alors [Vi%]n est une représentation (-extrémale de l’algébre
toroidale quantique L{q(slﬁfjl) isomorphe a la représentation vectorielle Vi 4.
(i3) Supposons que n = 2r + 1 est impair (r > 1). Alors [V, ,]n a un quotient irré-

T
ductible isomorphe a la représentation (-extrémale fondamentale V.11 , de L{q(slfﬂ:l).

Perspectives de nos travaux

Dans le chapitre 5 de cette these, on applique les procédés développés dans les chapitres
2 et 3 pour 'algebre toroidale quantique U, (g'") de type Dy : on construit une représen-
tation (-extrémale analogue aux représentations vectorielles introduites pour Uy (sIt,) et
L{q(sAloo). On propose ici deux constructions de cette représentation, par produit de fusion
ou en utilisant les réalisations monomiales. C’est le premier exemple d’une représentation



22 INTRODUCTION

l-extrémale en type différent du type A. De plus par spécialisation du parametre quan-
tique, on obtient des représentations irréductibles de dimension finie de I'algebre toroidale
quantique de type D4 aux racines de 'unité.

Deés lors, on peut raisonnablement espérer construire des représentations f-extrémales
pour les algebres affinisées générales (en particulier pour toutes les algebres toroidales
quantiques) par les procédés présentés dans les chapitres 2 et 3. Cela déboucherait sur
la construction systématique de représentations de dimension finie aux racines de 'unité.
En type A, on obtient par dualité des représentations de dimension finie pour ’algebre
de Cherednik elliptique aux racines de 'unité. Il sera intéressant d’étudier ces représen-
tations plus précisément, et de comprendre les conséquences de ces résultats. D’autres
développements possibles sont évoqués dans le chapitre 5.

Plus généralement, cette these est une contribution a la compréhension de la catégorie
des représentations de dimension finie de l'algebre toroidale quantique aux racines de
I'unité. En effet, nous avons obtenu des représentations irréductibles de dimension finie de
I’algebre toroidale quantique. Une premiére question, difficile, serait de savoir s’il y en a
d’autres, ou si nous avons déterminé ici tous les objets simples de cette catégorie. Comme
c’est déja le cas pour les groupes quantiques et les algebres affines quantiques aux racines
de l’umitélﬂ7 les conséquences de tels résultats pourraient étre multiples et les applications
nombreuses et variées.

Organisation de la thése

On explique a présent la structure de cette thése. Comme nous 'avons évoqué, elle
est constituée essentiellement de trois parties indépendantes qui peuvent étre étudiées
séparément :

1. Extremal loop weight modules and monomial crystals (article [Man12c] accepté pour
publication dans Pacific Journal of Mathematics),

2. Extremal loop weight modules and tensor products for quantum toroidal algebras
(article [Manl3a] prépublié arXiv:1305.3481),

3. Extremal loop weight modules for L{q(gloo) (article [Man13b] en préparation).

Les connaissances nécessaires sur les algebres affines quantiques et les algebres toroidales
quantiques (notamment les notions de représentations extrémales et de représentations
l-extrémales) sont rappelées dans le Chapitre 1. Dans le dernier chapitre de cette these,
nous présentons un exemple de construction de représentation f-extrémale en type D4. De
plus nous donnons des développements futurs possibles & ces travaux.

9. Nous faisons référence ici aux exemples d’applications des groupes quantiques et des algébres affines
quantiques aux racines de 'unité donnés dans cette introduction.



Chapter 1

Background

We recall the main definitions and general properties about the representation theory of
quantum affine algebras and quantum toroidal algebras of type A.

1.1 Cartan matrix

Let C = (C; j)o<i,j<n be a Cartan matrix of type A (n>2),

2 -1 0 0 -1
-1 2 0
C= 0
0
0 A - |
-1 0 -~ 0 -1 2

Remark 1.1.1. The case n = 1 is not studied here and is particular. In this case, the

Cartan matrixz is
2 =2
-2 2

and involves —2. Furthermore, the quantum toroidal algebra L{q(slg"r) requires a special
definition with different possible choices of the quantized Cartan matriz (see [Herll, Re-
mark 4.1]).

Set I = {0,...,n} and Iy = {1,...,n}. In particular, (C;;); jer, is the Cartan matrix
of finite type A,. In the following, I will be often identified with the set Z/(n + 1)Z.
Consider the vector space of dimension n + 2

h=Qho@®Qh1 @& Qhy, ®Qd

and the linear functions «; (the simple roots), A; (the fundamental weights) on b given by
(i,j €1)

a;(h;) = Cji, ai(d) = dog,

Az(h]) = (51'7]', Az(d) = 0.
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Denote by IT = {ay,...,a,} C h* the set of simple roots and 11V = {hq,...,h,} C b
the set of simple coroots. Let P = {\ € h* | A\(h;) € Z for any i € I} be the weight lattice
and Pt = {\ € P | A(h;) >0 for any i € I} the semigroup of dominant weights. Let
Q = @®,c; Zay C P (the root lattice) and QT =Y,y Nay; C Q. For A\, € b*, write A >
ifA—peq@r.

Set []0 = th D @th and HO = {Oq,...,Oén}, HE]/ = {hl,. . ,hn} ([]Q,H(),HE]/) is
a realization of (C; ;)i jer, (see [Kac90]). We define as above the associated weight lattice
Py, its subset POJr of dominant weights, and the root lattice Q.

Denote by W the affine Weyl group: it is the subgroup of GL(h*) generated by the
simple reflections s; € GL(h*) defined by s;(A) = A — A(h;)a; (i € I). The Weyl group of
finite type Wy is the subgroup of W generated by the s; with ¢ € I.

Letc=ho+---+h,and 0 =g+ -+ a,. We have

{w e P|w(h;) =0forallie I} =Qo.

Put Py = P/Q6 and denote by cl : P — Py the canonical projection. Denote by P? =
{A € P | A(c) = 0} the set of level 0 weights.

1.2 Quantum affine algebra U, (sl, )

1.2.1 Definition of L{q(sAlnH)

We assume in the following that ¢ = ¢! € C* (¢t € C) is not a root of unity and is fixed.
Forl e Z,r >0,m>m’' >0 we set

l —1
q —q
U]q =

q—q!

€ Z[¢*), [rlg! = [rlalr — g - [1a, m _

Definition 1.2.1. The quantum affine algebra Z/lq(gln+1) is the C-algebra with generators
kn (h€h), x (i € I) and relations

kenkn = kpaw » ko =1,

+ + % + (.t
(@) P, - afaf 2l + ol (@H)? =0

i i %

. +1 () _ @)
Here we use the notation ;" = k4, and for all » > 0 we set (x;7)") = T One defines

a coproduct on L{q(glnﬂ) by setting

A(kh) =k ® kp,

Az = @1+kf @], Alx])=2; @k, +1®7;.

i
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1.2.2 Subalgebras of U, (sl,.1)

Let Z/{q<§ln+1)/ be the subalgebra of Z/lq(glnﬂ) generated by :):;t and kp (h € > Qhy).
This has P, as a weight lattice.

For J C I denote by Uq(§1n+1)J the subalgebra of Z/Iq(sAlnH) generated by the i, Eph,
forie Jpe Q. If J= Iy, Uq(§1n+1)10 is the quantum group of finite type associated to
the data (o, I, IIy ), also denoted by Uy (sln+1). In particular, a Uq(§1n+1)—module has a
structure of Uy (sl 41)-module. If J = {i} with i € I, Uy(sl,41)y is isomorphic to Uy (sls)
and denoted by U;. So a Uy(sl,+1)-module has also a structure of Uy (sls)-module.

Let Uy(slpi1)T (vesp. Uy(slni1)™, Uy(h)) be the subalgebra of U (sl 1) generated
by the ;" (resp. the z;, the k;). We have a triangular decomposition of U, (sl 1) (see
[Lus93]):

Theorem 1.2.2. We have an isomorphism of vector spaces

Uy(slny1) = Uy(slny1)” @ Uy(h) @ Uy(slnir) ™

1.3 Representations of U,(sl, 1)

1.3.1 Basic properties
For V' a representation of Uq(gln+1) and v € P, the weight space V,, of V is
V, ={veVlk, -v=¢"™uvVhep}

Set wt(V') = {v € P|V, # {0}}.
Definition 1.3.1. A representation V is said to be in the category O if

(1) it admits a weight space decomposition V =@, cp Vo,

(ii) V, is finite-dimensional for all v,
(iii) {v|V, #{0}} C szl,_N{u\l/ < \j} for some Ay,--- , Ay € P.

For A € P, a representation V is said to be of highest weight A if there is v € V) such
that for all ¢ € 1, .T}j_ v = 0 and Uy(slp4+1)-v = V. Such a representation is in the category
O. Furthermore there is a unique simple highest weight module of highest weight .
Definition 1.3.2. A representation V is said to be integrable if

(1) it admits a weight space decomposition V =@, cp Vo,
(i) all the = (i € I) are locally nilpotent.
Remark 1.3.3. This definition differs from the one given in [Her09]. In fact it is required
in addition in [Her09] that the representation V' satisfies
(iii) V,, is finite-dimensional for any v € P,
(iv) Vyina, = {0} for allv € P, N >>0, i€ 1.
These conditions are implied by the previous ones for the highest weight modules.

Theorem 1.3.4. [Lus93] The simple highest weight module of highest weight X\ is inte-
grable if and only if X is dominant. We denote it V(\) (A € PT).

For an integrable representation V' of Z/{q(é\ln+1) with finite-dimensional weight spaces,
one defines the usual character

x(V) = Z dim(V},)e(v) € H Ze(v).

veP veP
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1.3.2 Finite-dimensional representations of U, (sl, 1)

Similar definitions hold for the quantum group U,(sl,+1). In this case, the integrable
simple highest weight modules are parametrized by Py and denoted by Vo(\) (A € 7).
Further they are finite-dimensional (see [Lus93, Ros91]). Let C be the category of inte-
grable finite-dimensional representations of U (sl,41) and R its Grothendieck ring.

Theorem 1.3.5. [Lus93, [Ros91|] The category C is a semi-simple tensor category and the
sitmple objects of C are the (VO(/\))/\GPO*' Furthermore x induces a ring morphism

X:R— @Ze(u)

veEP)
where the product at the right hand side is defined by e(p)e(v) = e(u + v).

We do not recall here the theory of crystal bases of quantum groups, we just refer
to [Kas94, [Kas02al [Kas02h]. Let us remind only that for A € P, the Uy(sl,1)-module
V(A) has a crystal basis B(A). In the same way we denote by By(\) the crystal basis of
the Uy (sly41)-module Vo(A) (A € Py7). When we want to distinguish crystals of U, (sln11),
Uq(§1n+1)J with J C [ and Uq(sAlnH)’, we call it respectively a P-crystal or I-crystal, a
J-crystal and a P-crystal.

1.4 Extremal weight modules

1.4.1 Definition and first results

In this section we recall the definition and some properties of extremal weight modules
for the quantum affine algebra U, (sl,+1) given by Kashiwara [Kas94, [Kas02b]. All of these
hold for general quantum Kac-Moody algebras and in particular for Uy (sl,+1).

Definition 1.4.1. For an integrable Uy(sl,11)-module V and A € P, a vector v € Vy is
called extremal of weight X\ if there are vectors {vy }wew such that vig = v and

xli “ Uy =0 and (xf)(iw(/\)(hi)) U = Vg, (w) I Ew(A)(hi) = 0.

Note that if the vector v is extremal of weight A, then for w € W v,, is extremal of weight
w(A).

Remark 1.4.2. The definition of extremal vector can be rewritten as follows (see [Kas94)/):
for an integrable Uy(sl,+1)-module V', a weight vector v of weight X\ is called i-extremal if

z-v=0orxz; -v=0. In this case we set

Si(w) = (7)) Ly or Si(v) = (x) AR Ly respectively.

3 2

Then a weight vector v is extremal if, for any 1 > 0, S;, o---0.5;,(v) is i-extremal for any
1,11, ,1; € I. We set in that case

W-v:{Silo--~oSZ-l(v)| leN, i1, -+ ,1 EI}.
The notion of extremal elements in a crystal B can be defined in the same way.

Definition 1.4.3. For A € P, the extremal weight module V (X) of extremal weight X is the
Uy (slp+1)-module generated by a vector vy with the defining relations that vy is extremal
of weight \.
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Example 1.4.4. If X is dominant, V(X)) is the simple highest weight module of highest
weight .

Theorem 1.4.5. [Kas9j)] For A\ € P, the module V (\) is integrable and has a crystal basis
B(\).

Remark 1.4.6. To prove this result, the tensor product V'(A\) = V(M) @ V(M) of a
highest weight module and a lowest weight module is considered in [Kas94)/, where

Ar= Y Ah)Ai and A\ =Xy — X € Py
A(hi)>0

Actually, this tensor product is closely related to the extremal weight module V(\) (see
|Kas94, Lemma 8.2.1]).

1.4.2 Finite-dimensional quotients

Set A = woy, where 1 < £ < n and wy is the level 0 fundamental weight w0, = Ay — Ayg.

Theorem 1.4.7. [Kas020)] Let 1 < ¢ < n.
(i) V(wy) is an irreducible Uy(sl,11)-module.

(i) Any non-zero integrable Uq(sAlnH)—module generated by an extremal weight vector of
weight wy is isomorphic to V(wy).

The representations V(wy) have a particular importance because they have finite-
dimensional quotients over Uq(§1n+1)’ . In fact let w be an element of W such that w(wy) =
@y + 6. Such an element exists and is not unique (see [Kas02b]). Tt defines a Uy (sly11)'-
automorphism (also called Py-automorphism in the following) of the restricted Uy (sln11)'-
module V(wy), which sends v to v,,. It is of weight 4, and denoted by z,. Let us define
the Uy (sl +1)-module

W(we) = V(we)/(2e — 1)V (w).

Then we have

Theorem 1.4.8. [Kas020)] Let 1 < ¢ < n.
(i) W (wy) is a finite-dimensional irreducible Uy (sl 1) -module.
(ii) For any p € wt(V (wy)),
W(@e) ey = V(we)p-

(iii) V(wy) is isomorphic to W (wg)ag as a Uy(slyy1)-module.

Here M,g is the affinization of an integrable Uq(§ln+1)’—module M: this is the
Z/lq(sAlnH)—module with a weight space decomposition Mag = @, cp(Mag), defined by

(Maff)lz = Mcl(y)

and with the obvious action of x;t Note also that we have an isomorphism of
Uy(sly+1)-modules
Mg ~Clz, 27 | @ M

where :c;t act on the right hand side by zi‘siv%f. In the same way one defines the

affinization B,g of a Pe-crystal B. For an integrable L{q(sAlnH)’ -module M with associated
P.-crystal B, its affinization M,g has a P-crystal B,g.

This last result implies in particular the existence of crystal bases for finite-dimensional
fundamental representations of Uy (sly1 1)’ (see Section 1.6.6).
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1.5 Quantum toroidal algebra U, (sl'],)

In this section, we recall the definition and the main properties of the quantum toroidal
algebra Uy (sltr,) (without central charge).

1.5.1 Definition

From the affine Lie algebra §ln+1, one can associate its Lie algebra of currents £(§ln+1) =
C[t,t71] ® slp11, also called the toroidal algebra of type A. Here one gives a quantum
version of L(sl,41). It is written in terms of Drinfeld generators.

Definition 1.5.1. [GKV95] The quantum toroidal algebra Uy (sli?l ) is the C-algebra with
generators xfr (tel,reZ),ky (heh), him (i € I,me Z—{0}) and the following
relations (i,j € I,r,r',r1,r9 € Z,m € Z — {0})

knkp = kpyn , ko =1, [kn, hjm| =0, [him, hjm] =0,

=+ _ Faj(h), x
khx‘%rk—h =q J( ) ]7‘7
+ 1
[hi,m?wj,r] - [mC 7]] ]m+r7 (11)
+ —
[ 27 ] = 5H¢’i,r+r’ ~ Pir
’7 I i, 1] — Y _ )
i, g qg—q 1
+ =+ +Cij ..+ £ +Cij .. £ . £ =+
‘Ti,r—&-lxj,r q 7:1,‘] rLiry1 = 1x; rxj r4+1 T j,r’+1xi,r7
+ + ok

+ _+ i —1\,.£
Ly 7"1 IEZ 73: z:l:l ! (q +4q )xz rz]l:$z:|:1 g Tﬁ:+ xz:ﬁ:l T‘/:L"L T:II: i, Tﬁ:
xz rgxz 1 z:i:l ! + (q+q )xz T‘Qxlzl:l T 1 xz:l:l r’xz 'f‘gxl r10

and [z ,aT 1 =0 ifi # j,j+1. Here for alli € I and m € Z, ¢, Ug(sIET) s

7 ,r1? 7 ,r2
determined by the formal power series in Uy (sl 1)[[z]] (resp. in Z/lq(slﬁl‘ﬂfl)[[zfl]])

quz:tm :kz;tlexp( q_q thim/z )

m>0 m/>1
and ¢Im:0f0rm<0, Gim = 0 for m > 0.

Remark 1.5.2. The generators xfr and h; m, are quantum versions of t" ®xii and t" R k;
(iel,reZ,meZ—{0}).

Remark 1.5.3. The affine Lie algebra §ln+1 is the Kac-Moody algebra associated to the
Cartan matriz C of type A;l) [Kac90]. A crucial point is that §ln+1 has another realization,
as a central extension with one-dimensional centre of the algebra of currents L(slp+1) =

Clt,t7) @ slpy1. This phenomenon recovers in the quantum case.

Theorem 1.5.4. [Bec94, [Dri88] The quantum affine algebra U, (§Zn+1)’ has anather real-
ization in terms of Drinfeld generators: this is the C-algebra with generators x . (i € I,
r€Z) kn (h€bgy), him (i € Iop,m € Z—{0}) and the same relations as in Deﬁmtwn
(L5
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1.5.2 Definition in terms of currents

For ¢ € I, consider the formal power series (also called currents)

i(z) = Z 25wk (z) = inimzﬁ
SEL TEZ
The defining relations of Uy (sl ;) can be rewritten with currents (i, j € I, h,h' € h):

knkp = kpyn 5 ko =1,

OF (2)67 (w) = ¢F (w)7 (2) , ¢ (2)6] (w) = ¢ (w)¢; (2),

(w— g0 2)6F (2) () = (=000 — 2)arF () (), (1.2
(w — ¢C2)67 () = (¢*Cow — ) (w)o7 (2), (1.3
o 2oy ()] = 2 0(2) o (w) ~ 5(Z)o7 (),

(= — Oyt ()t (w) = (5002 — w)arf (w)arf (2) (14

zi (212 (22)2h (w) — (g + ¢~ "7 (1) 275, (w)ay (22)

i (w)af (21)27 (22) + (21 & 22) = 0,
and [xli(z),mj:(w)] =0fori#j,j+1.

This definition with currents is used in the whole Chapter 3.

Remark 1.5.5. An additional parameter d € C* is added in [GKV95]. To do that,
consider a matrix M = (m;j)ijer given by mi_1; = —1,m;;_1 = 1 for all i € I and
m;; =04fjel,j#1i,1+1. Then Z/{q,d(slf{’ll) is the algebra with the same generators
and relations as qu(slffj;l) except the following d-deformed relations instead of , ,
:

(w — d™5 g 5 2)¢f (2)z) (w) = (¢T%Tw — d™5 2)x7 (w) ey (2),

(w — d™9g*C0 2)g; () (w) = (¢*Cw — d™ 2)at (w)gy (2),

(@™ — g )t (2)af (w) = (@™ 0z — w)f (w)af (2).

This algebra and their representations are also studied in [FJMMI13].

1.5.3 Horizontal and vertical quantum affine subalgebras

There is an algebra morphism U, (sl,+1) — Uy (sltr)) defined by
ki v kn, o v 2, with h € bi € 1.

Its image is called the horizontal quantum affine subalgebra of Z/lq(slffjl) and is denoted by
Ul (sltor,). In particular, a Uq(slfﬁ_l)—moAdule V has also a structure of U,(sl,,+1)-module.
We denote by Res(V') the restricted U, (sly,+1)-module obtained from V.

The quantum affine algebra U, (sl,,+1)’ recovers in another way as subalgebra of Uy (sI271):
by Theorem it is isomorphic to the subalgebra U (sIi°] ) of Uy(sli?l;) generated by
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the :L'”, kn, him (i € Io,r € Z, hte bo,m € Z — {0}). UJ(sliT,) is called the vertical
or

quantum affine subalgebra of Uy (s}’ ;).

For all j € I, set Ij = I —{j} and define the subalgebra U7 (sl{%;) of Uy (sl ;)
generated by the :L‘”, kp, him (i € Ij,r € Z,h € EBle[ Qhi,m € Z — {0}). In particular
Z/{;’Q(slﬁ“l) is the vertical quantum affine subalgebra U} (sIl?T)) of Uy(sliT;). All the
Uz’ (slff_’;l) for various j € I are isomorphic: in fact let § be the automorphism of the

Dynkin diagram of type Ag) corresponding to the rotation such that 6(k) = k + 1, where
I is identified to the set Z/(n + 1)Z. It defines an automorphism 6, of h by sending
hi,d to hg() d (i € I). Forall j € J, let #U) be the automorphism of Uy (sltr) which

sends 371 -

+ . .
kn, him to Loi (3) keg(h), hi(s),m respectively (where i € I, h € h, r € Z,
m € Z —{0}). It gives by restriction an isomorphism of algebras between U, (s}’ ;) and

U (sIET ), still denoted by 6U) in the following. If V is a U,(slyy1)-module, we denote
by V) the induced U7 (sli2r)-module.

Hence the quantum affine algebra Uq(§Zn+1) recovers in two ways as subalgebra of
Ug(sli2l1). This crucial point involves in the definition of extremal loop weight modules
and is essential in the whole thesis.

1.5.4 Basic properties
For b € C*, let t, be the map sending the series 27 (2), ¢ (2) to i (bz), 63 (b2), re-

spectively (i € I). Hence defined, ¢, is an automorphlsm of Uy (s ).

For i € I, the subalgebra U; generated by the a:”,hi,m,k:phi (reZ, meZ-— {0},

p € Q) is isomorphic to Z/{q(slg) )
We have a triangular decomposition of Uy (sl%7).

Theorem 1.5.6. [Mik00, [Nak01] We have an isomorphism of vector spaces
Uy (sUi77 1) = Uy(sliT1)™ @ Ug(h) @ Uy (i) T,

where Uy (sUET )% (resp. U, .(0)) is generated by the x . (resp. the kp, the h;m).

1.6 Representations of U, (sl];)

1.6.1 Representations of /-highest weight

Definition 1.6.1. A representation V' of Uy(sli],) is said to be integrable (resp. in the
category O) if Res(V') is integrable (resp. in the category O) as a Uq(sAlnH)—module.

The definition of highest weight representations for Uy (sl ) (and for general quantum
affinizations) does not make sense with Drinfeld generators. However an analogous notion

of f-highest weight modules exists.

Definition 1.6.2. A representation V' of Uy (sl ) is said to be of (-highest weight if there
isv €V such that

(1) V =Uy(sly) ™ - v,

(ii) there exists v € Hom(Uy(h),C) (called -highest weight) such that

£ cv=n(¢ v forallie I and m >0,

i,+m i,Em
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oo . + o
(ii) for anyi€ I,r € Z, x} -v=0.

Such a representation is in the category O. For v € Hom(uq(f)), C) an algebra mor-
phism, by Theorem we have a corresponding Verma module M(7y) and a simple
representation V() which are (-highest weight.

Theorem 1.6.3. [Mik00, [Nak01] The simple representations V() of Uy (It ) are inte-
grable if there is (X, (P;)icr) € P x (1+uC[u))! satisfying v(ky) = ¢*") and fori € I the
relation in C[[2]] (resp. in C[[z~]])

oy deg(p) iz
o) = g KL,
The polynomials P; are called Drinfeld polynomials and the representation V() is then
denoted by V' (A, (P;)icr)- It is infinite-dimensional. Such a representation is also integrable
in the sense of [Her09], i.e. V/(), (P;)er) satisfies conditions (iii) and (iv) of Remark [1.3.3]
The Kirillov-Reshetikhin module associated to k& > 0, a € C* and 0 < £ < n, is the
simple integrable infinite-dimensional representation of weight kA, with the n—tuple

o) —wua)(1 —uag?) - (1 - uagq®*=V) for i = ¢,
i) = { 1 for i # 4.

If £ =1, it is also called fundamental module.

1.6.2 Morphism of ¢-character

A

Consider an integrable representation V' of Uy(si%%;). As the subalgebra Uy(h) is
commutative, we have a decomposition of the weight spaces V,, in simultaneous generalized

eigenspaces
V= @ A Viv):
(vyy)ePxHom(Uy(h),C)

where V) = {x € V/3p € N,Vi € I,Ym > 0, (¢; 1, = ¥(¢; L))V -z = 0}. I V,, ) # {0},
(v,7) is called an ¢-weight of V.

Definition 1.6.4. A representation V is said to be £-integrable if

(i) it admits an (-weight space decomposition V = @D V|, ),

(ii) for allv €V and i € I, U; - v is finite-dimensional.
All the simple ¢-highest weight representations V(\, (P;);cy) are f-integrable. An

(-integrable representation of Uy(slf;) is integrable.

A

Definition 1.6.5. A U, (sl’T,)-module V is weighted if the Cartan subalgebra Uy(h) acts
on V by diagonalizable operators. The module V is thin if it is weighted and the joint
spectrum is simple.

The terminology is different in [FFJ™11a, [FFJT11b, FJMMI12, [FIMMTI3]: a thin mod-
ule is called tame.

Definition 1.6.6. [F'R99, [Her05, (INak01] The q—character of an integrable representation

V of L{q(sl,ﬂojl) with finite-dimensional £-weight spaces is defined by the formal sum

xq(V) = Z dim(V{,, ,))e(v,7)-
(u,'\/)EPXHom(L{q(IS),C)
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Furthermore if the weight spaces of V' are finite-dimensional we have

X(Res(V)) = B(xq(V)),

where Res(V') still denotes the restricted U, (sl,,+1)-module obtained from V and

B H Ze(v,vy) — H Ze(v)

(V,’Y)EPXHOIH(Z/{(I(G),(C) vep

is Z-linear such that B(e(v,7)) = e(v) for all (v,7) € P x Hom(U,(h), C).

Proposition 1.6.7. [FR9Y, [Her05,[Nak01] Let V be an integrable representation of Uy (sIt],).

A

An L-weight (v,7y) € P x Hom(Uy(h),C) of V satisfies the property

(i) there exist polynomials Q;(2), Ri(z) € Clz| (i € I) of constant term 1 such that in
Cl[2]] (resp. in C[[z71]]):

S o6k, ) — qdeg(Qi)deg(Ri)gi( DFiz0) (1.5)

zq
S i) Ri(zq7 1)’

Further if V' is in the category O, then

(ii) there exist w € PT, a € Q% satisfying v = w — a.

As in [EIMM13], we set
1

L q—q 'z
Then (1.5 can be rewritten as follows: for all i € I, there exist k,l € N and a1, - ,ax,,
bii, -+ ,bi; € C* such that v(h;) = k — [ and in C[[z]] (vesp. in C[[z1]])

S i) = [I ¥(auwigz) T] ¢(buigz)™"

m>0 1<u<k 1<0<l
= [I v(awigz) [ v(,iez™").
1<u<k 1<0<l

1.6.3 Correspondence between /-weights and monomials

Consider formal variables Y11, e¥ (t€l,a€C* veP)and let A be the group of

i,a )
; _ Lw(m g,a(m)
monomials of the form m = e )Hiel,ae(C* Y,

such that

where u;q(m) € Z, w(m) € P are

S tia(m) = w(m) (hy).

acC*
For example, YiileiAi € Aand A; 4 = €Y 41 Yi’aql-!—l}/i:iaql }/i:—i,aql € A. A monomial
m is said to be J-dominant (J C I) if for all j € J and a € C* we have u;q(m) > 0. An
I-dominant monomial is said to be dominant.

Remark 1.6.8. Let us fir a monomial m € A and consider monomials m' which are prod-
ucts of m with various Azii s (i € I,a € C*). By [HNO6, Remark 2.1], w(m’) is uniquely
determined by w(m) and u;;(m’). So in the following when we are in this situation, the

term e“™) will be safely omitted.
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Let V' be an integrable U, (sl )-module. For (v,7) an f-weight of V, one defines the
: _ LV -1
monomial my, ) = €’ [lie [14,ecx Yia, [p,ecs Yip, where

Z V(Q%im)zim = Hw(aiqz) Hw(biqz)_l.
a; b;

m>0

We denote V{,, ) = Ving,.,,- We rewrite the g—character of an integrable representation V'

with finite-dimensional ¢-weight spaces by the formal sum

xq(V) = Zdim(Vm)m € Z[[e", Yi,ial]]yeP,ie],aeC*~

Let us denote by M (V') the set of monomials occurring in x4 (V).

By this correspondence between /-weights and monomials due to Frenkel-Reshetikhin
[FR99], the I-tuple of Drinfeld polynomials are identified with the dominant monomials.
In particular for a dominant monomial m, one denotes by V(m) the simple module of
(-highest weight m. For example V(ekAng,aYM(ﬁ - Yy 4 20-1)) 18 the Kirillov-Reshetikhin
module associated to k > 0, a € C* and £ € I, and V(eA‘v’Yg’a) is the fundamental module
associated to a € C* and ¢ € 1.

Let Az be the subgroup of A consisting of monomials of the form

u; 1(m)
m = (™ H ..o
i€l,leZ

The following property will be useful in Chapter 2.

Proposition 1.6.9. [FRIY, [Nak01, [Her05] Let V' be an integrable representation of
Uy (sI71). Assume that V has a finite composition series

Ly={0}CcLiCLyC---CL,=V

such that Ljy1/L; ~ V(m) with m € Az dominant. Then all its (-weights m' € M(V)
belong to Az.

For a Kirillov-Reshetikhin module V(ekAng,aYg’an .Y} 42-1) ), one reduces to the

case where the defining parameter a is in ¢Z by twisting the action by an automorphism
ty of Uy(sltor,) for some b € C*.

1.6.4 Finite-dimensional representations of U, (sl,.1)’

Similar results hold for the quantum affine algebra Uq(glnﬂ)’ due to Chari-Pressley
[CP94]. One uses here the realization of Uy (sl,+1) in terms of Drinfeld generators. In this
situation, the simple integrable K—highestlﬂ weight representations are finite-dimensional
and denoted Vo ((P;)icr,) in the following. Note that the weights A € Py can be omitted
here because they are completely determined by the Drinfeld polynomials (P;);er,,

A =deg(P1)A1 + -+ 4+ deg(P,)Ay.

In the same way if V is a Kirillov-Reshetikhin module of Uq(gln+1)’ , its f-weights can
be only considered as elements of Hom(U,(ho),C) (where Uy(ho) is the subalgebra of

1. Note that the presence of the letter ¢ is crutial here. In fact as the quantum affine algebra Z/{q(sAln+1)l
has two realizations in terms of Chevalley generators or of Drinfeld generators, there is a notion of highest
weight representations and a notion of ¢-highest weight representations for this algebra.
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Uq(sAlm_l)’ generated by kp, (h € ho) and h;,, (i € Io,m € Z — {0})). They still satisfy
relations ([1.5).

One does not have expression of g—character of a representation in general. But explicit
formulas exist for the fundamental modules and the Kirillov-Reshetikhin modules over
Uy(slyy1) and Ug(sIT 1), given in terms of tableaux [Nak03), HerId].

Let us recall that the Kirillov-Reshetikhin modules VO(Ymqua . }/g7aq2(k—1)>
(k>0,a € C* (€ Iy) over Z/lq(sAlnH)’ can be obtained from the Uy (sl;,+1)-modules Vj(kAy)
as follows: there exist evaluation morphisms evy : Uy(slyi1) — Uy(slnr1) (@ € C*),
which send z; 0, k, on x;, ky, respectively (i € In,h € ho). Then the Uq(glnﬂ)’—module
Vo(Ye,aYeaq? - - - Y ag2-1)) can be obtained by pulling back the action of Uy(slp+1) on
Vo(kAy) by ev, for some a € C*. In particular, Vo(Yr,eY/4q2 - - - }/g,aq2(k71)) is irreducible as
a Uy(sly+1)-module, isomorphic to Vo (kAy).

1.6.5 The subcategory C;; of C

In Chapter 2, we have to deal with L{q(sAlnH)’ -modules with involving spectral param-
eters in ¢%. We explain in this section who to come down to this.

Let V be a Kirillov-Reshetikhin module of U, (sl,+1)'. Then by twisting the action
on V by an automorphism ¢, of Z/lq(sAlnH)’ for some b € C*, it can be parametrized
as above by Laurent monomials in Z[Y’i}]ie Io ez The weight w(m) € Py of a monomial

4,q
m € Z[Yiiqll]ie Iolez can be omitted here because it is completely determined by the u; ,(m)
(i € Il €Z).

Let C; be the category of finite-dimensional U, (sl,,11)-modules (of type 1) and R; its
Grothendieck ring. Recall that C; is an abelian monoidal category, not semi-simple, with
the Vo((Pi)ier,) as simple objects and R; is the polynomial ring over Z in the classes
Vo((1 = bpiau)icr,)] (¢ € In,a € C*) (see [CP94, [FR99]). As in [HL10], we consider C;z
the full subcategory of C; whose objects V' satisfy

for every composition factor S of V', the roots of the Drinfeld polynomials (P;(u))ic1,
belong to ¢Z.
This is also an abelian monoidal category, not semi-simple and the Grothendieck ring R; 7
of Cz is the subring of R; generated by the classes [Vo(Yy4s)] with £ € Ip,s € Z (see
[EMO1]).

Theorem 1.6.10. [FRI9] x4 induces a ring morphism xq : Riz — Z[Y;j;ll]ie[o’lez, satis-
fying the commutative diagram

X
Riz : Z[Yi,ﬂ;zl]ielo,lez
Res iﬁ
X
R @I/EPO Ze(l/)

where the ring morphism Res is the restriction and (3 is defined by B(m) = e(w(m)).

1.6.6 Link with the U, (sl,,)-modules W ()

We have defined irreducible finite-dimensional Uq(§1n+1)’—modules W (wy) (¢ € Ip) in
Section 1.4. One can determine them in terms of the Drinfeld realization. For that we
need the following additional result.

2. ev, is the quantum analogue of the evaluation morphism L£(slp+1) — sln41 which sends t" ® = to

a" -z (r €Z,x € slpy1).
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Lemma 1.6.11. [Nak0j|] Let v be a vector of an integrable Uq(§Zn+1)'—m0dule of weight
A € cl(PY) such that for alli € Iy, A(h;) > 0. Then the following conditions are equivalent

(i) v is an extremal vector,

(ii) m;f,,-v:Ofor alli € Iy,r € Z.

As a direct consequence of these results, W (wy) is isomorphic to a fundamental rep-
resentation Vo((1 — dg au)ier,) for a special choice of the spectral parameter a € C* (see
[Nak04, Remark 3.3] for an expression of it). In particular for this spectral parameter, one
deduces that Vo((1 — dp;au)icr,) has a crystal basis.

1.7 Extremal loop weight modules

1.7.1 Definition

We give the definition of extremal loop weight modules for Uy(slt’l;). The main mo-

tivation is the construction of finite-dimensional representations of the quantum toroidal
algebra as in the theory of Kashiwara, but at roots of unity in that case.

Definition 1.7.1. [Her(9] An extremal loop weight module of Uy(sli] ) of (-weight m is
an integrable representation V' such that there is v € V,y, satisfying

(1) Ug(sliiy) v =V,
(ii) v is extremal for Ug(slfﬁil),

(iii) UL (U7 1) - w is finite-dimensional for all w € V and j € 1.

An example of such a representation which is neither of -highest weight nor of -lowest
weight, and not in the category O, is given in [Her09]. The goal of our work is to construct
a new family of extremal loop weight modules.

1.7.2 Case of the simple /-highest weight representations

Proposition 1.7.2. [Mani3d] Let m be a dominant monomial. The simple {-highest
tor )

weight module V (m) of (-highest weight m is an extremal loop weight module of Uq(sl;07y
Proof. Let m be a dominant monomial. We have viewed that V(m) is an integrable
Uy (slt?7 1 )-module which satisfies V (m) = Uy (sl%) - v (with v the ¢-highest weight vector
of V(m)). Let us show that v is an extremal vector of weight w(m). As v is of {-highest
weight, it is in particular a highest weight vector of weight w(m). So it satisfies for all
el

(x;)1+w(m)(hi) v =0.

These relations define the simple highest weight U, (sl,+1)-module V(w(m)). Hence we
have a surjective Z/Iq(sAlnH)—morphism V(w(m)) — U;(slf{’jl) -v. As V(w(m)) is simple,
this is an isomorphism of Uy (sl,,+1)-modules, and v is extremal for the horizontal quantum
affine subalgebra of weight w(m).

It remains to show that for all w € V(m) and j € I, U7 (slf])-w is finite-dimensional.
Actually, one can assume that 7 = 0 in our computation. In fact if we prove the property
for the vertical quantum affine subalgebra U (sl/’(;), the third point of Definition

follows by application of §U).
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So fix w € V(m) an (-weight vector and consider the sub-1{}(sl{’l)-module

W = U (sli?ly) - w of V(m). Denote by A the weight of w and k = A(d). As the weight
lattice of Z/lg(slf{j’;l) is Py = ZAy + - -+ + ZA,,, we have

wt(W) € {n € wt(V(m))|u(d) = k}.

Further the weight spaces of V(m) and W are finite-dimensional. So it suffices to show
that the set of weights {u € wt(V(m))|u(d) = k} is finite. For that we use the theory of
g-characters.

Let us recall some facts about the g—character x,(V (m)) of the simple ¢-highest weight
Uy (slt7)-module V (m). By [Her(07, Proposition 6.1] it is a sub-factor of a product of g—
characters of fundamental representations. So we are reduced to prove that

{p e wt(V(Yea))|u(d) = k}

is finite for all k € Z and all £ € I, a € C*. But the g—characters x4(V (Yz,)) (and in partic-
ular there characters) are known, given in terms of tableaux sum expressions (see [Her11]).
And we check directly from these formulas the finiteness of {p € wt(V(Yy,q))|p(d) = k}.
Hence Uy (sl}?1) - w is finite-dimensional, and the simple (-highest weight module V(m)
is an extremal loop weight module. O

1.8 Drinfeld coproduct

Let Ap be the coproduct defined by (i € I)

AD(x;r(z)) = xj'(z) ®1+¢; (2) ® x;L(z), (1.6)
Ap(z; (2)) =27 (2) @ ¢ (2) + 1@ 27 (2), (1.7)
Ap(67(2) = ¢f (2) ® ¢ (2). (1.8)

It takes part in the whole Chapter 3 of the thesis. Note that this map does not define
a coproduct in the usual sense because and involve infinite sums and are not
elements of Uy (127 1) QU (1L | ). However it can be used to define a structure of Uy (sIE7 )-
module on (a subspace of) the tensor product of Uy (sl ;)-modules when the summations
are well-defined. In fact, we have

Lemma 1.8.1. [FIMMI3] Let V., W be Uy(sliel,)-modules. Let U CV @ W be a linear
subspace such that for any u € U and i € I, Ap(x](2)) - u is well-defined in U. Then the

coproduct Ap endows U with a structure of Uy(sli])-module.

We will have to consider another situation: assume that we have a decomposition of
the vector space V@ W = U@ U’ such that ¢ (2)-U C U and ¢F(2)-U’ C U’ for all i € I.
Let us denote by pry; : UdU’ — U and pryy : U@ U’ — U’ the projections along U and U’
respectively. Assume that the action of x;t(z) is well-defined on the vectors in U. Assume
further that the vector spaces U and U’ have bases {e, },cr and {fs}scs respectively such
that the matrix coefficients of operators xli(z) applied to fs and computed on e, are zero
for all s € S and r € R. Then we have

Lemma 1.8.2. [FJMMI13] Under the assumption above, the space U has a structure of
Uyg(sI271)-module such that the series 2 (2) and ¢F(2) act by (pry @ pry) o Ap(zi(2))
and (pry @ pryy) o Ap(¢E(2)) respectively.
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One can improve these results as follows.

Lemma 1.8.3. [Mani3d] Assume further that V and W are (-integrable Uy (sl )-modules

in the last lemmas. Then U is an {-integrable Uy (sl )-module.

Proof. As V and W have an (-weight space decomposition and by (4.7), we have
U = ®pmeal,, with for all m € A,

Um = @ Vm/ & Wm//.

m=m/'xm/'’

Let u=v®w € U and fixi € I. As V and W are f-integrable, the subspaces U -V, U -w
are finite-dimensional. By (4.5)), (4.6) and (4.7]) we have

Ui-uC (U -v) @ U - w).
Hence U; - u is finite-dimensional, and U is an (-integrable Uy (slteT|)-module. O

Remark 1.8.4. Assume that for all v € V,w € W and all j € I, U (sII],) - v and

Mé”j(slffjl) - w are finite-dimensional. ~ We show as in the last lemma that the

Uy (slter,)-module U satisfies also

Ug’j(slﬁfﬂfl) - 18 finite-dimensional for allu € U and j € 1.






Chapter 2

Extremal loop weight modules and
monomial crystals

This chapter corresponds to the paper [Manl2c|, to appear in Pacific Journal of Mathe-
matics.

2.1 Motivations

2.1.1 Abstract

In this chapter we construct a new family of representations for the quantum toroidal
algebra Uy (slter,), which are f-extremal in the sense of Hernandez [Her09]. We construct
extremal loop weight modules associated to level 0 fundamental weights w, when n = 2r+41
isodd and £ =1,r +1 or n. To do it, we relate monomial realizations of level 0 extremal
fundamental weight crystals to integrable representations of L{q(slﬁﬂ;l), and we introduce
promotion operators for the level 0 extremal fundamental weight crystals. By specializing
the quantum parameter, we get finite-dimensional modules of quantum toroidal algebras
at roots of unity. In general, we give a conjectural process to construct extremal loop

weight modules from monomial realizations of crystals.

2.1.2 Motivations

In [Kas03l, Nak03], Kashiwara and Nakajima have defined a crystal M, called the
monomial crystal, whose vertices are Laurent monomials. They determined monomial
realizations of crystals of finite type. These results have been extended in [HNO6] to the
level 0 extremal weight Uq(§1n+1)—crystals B(wy) (1 <€ <n): if n=2r+1is odd, it is
isomorphic to the sub-U, (sl 1)-crystal My of M.

The monomials occurring in these realizations of crystals can be interpreted at the
level of representation theory. In fact Frenkel and Reshetikhin [FR99] defined a correspon-
dence between (-weights (eigenvalues of the Cartan subalgebra for the Drinfeld realization)
and these monomials. Motivated by these facts, Hernandez [Her09] used the monomial
U, (sl4)-crystal M to construct an integrable representation of U (sli") whose (-weights
are the monomials occurring in this crystal. He defined in this way the first example of
extremal loop weight modules for U, (sl}").
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We use the same technical feature in this chapter. We propose to relate the monomial
Uy(slp41)-crystals M, (where n = 2r + 1 is supposed to be odd and ¢ € Iy) with inte-
grable representations of Uy (sl ;). The aim is the construction of extremal loop weight
L{q(slf{’il)—modules and, by specialization of the quantum parameter, of finite-dimensional

representations of the quantum toroidal algebras at roots of unity.

2.1.3 Summary of results

In this chapter, we relate the monomial realizations M, of the level 0 extremal fun-
damental weight crystals B(w;) (where n = 2r 4+ 1 is supposed to be odd and ¢ € Ij)
with integrable representations of Uy, (sl%[;). More precisely, the aim is to construct a
Uy (sl 1 )-module whose the g-character is the sum of monomials occurring in M.

A monomial set is not in general the set of {-weights of an integrable representation:
it must satisfy combinatorial properties related to the theory of g-characters (see [FMOL,

EFR99]). This leads us to introduce the notion of closed monomial set.

Definition. (Definition

(i) A set of monomials S C M s said to be g-closed in the direction i (i € I) if for all
m € S there exists a finite subset

leZ

containing m and a sequence (ns)ses, ~of positive integers such that

—_—

=5 (Zsesm ns - s) is the g—character of a representation of U;.

(ii) A set of monomials S is said to be J-q-closed (J C I), or simply q-closed if J =1,
if S is q-closed in the direction i for alli € J.

(iii) A set of monomials S C M is said to be J-closed by the Kashiwara operators (J C I),
or simply closed by the Kashiwara operators if J = I, if the operators €;, f; preserve
S forallie J.

(iv) A set of monomials S C M which is J-q-closed and J-closed by the Kashiwara
operators (J C 1), is called a J-closed set. If J = I, it is simply called a closed
monomial set.

It gives a necessary condition for a set to be the set of f-weights of an integrable repre-
sentation.

Let us consider the monomial realizations My of the level 0 extremal fundamental
weight crystals B(wg) (£ € Ip): this is the sub-U, (sl 1)-crystal of M generated by the
monomial ewf}fmlf(;qld ,- We determine when the monomial crystal M, is closed.

Proposition. (Theorem The monomial crystal My is closed if and only if

{=1,7+1 orn.

The proof is based on the combinatorial study of these crystals: the cyclic symmetry of
the Dynkin diagram of type Ag) has a counterpart at the level of crystals. Actually,
these symmetry properties are already known for the U, (sl,,+1)-crystals of finite type, and
translated into the existence of promotion operators pr (see [BST10, [FOS09, [0S08, [Sch08,
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Shi02] and references therein). Here we introduce promotion operators for the level 0
extremal fundamental weight crystals B(wy) (1 < /£ < n).

When My is closed, we construct an associated integrable Uy (sl2] | )-module whose the

set of f-weights consists of monomials occurring in M.

Theorem. (Theorem Assume that n = 2r + 1 is odd and £ = 1,7+ 1 or n. There
exists a thin representation Vy ofuq(slffll) whose q—character is the sum of all monomials
occurring in My with multiplicity one. It is called the extremal fundamental loop weight
module.

To construct the representation V;, we paste together some finite-dimensional represen-
tations of the various vertical quantum affine subalgebas of Uy (sl%7 ;). The existence of
promotion operators for My involves that it defines a Uy (s}, )-module structure.

One of the main result of this chapter is the following.

Theorem. (Theorem The Uy (sIET1)-module Vy is an extremal loop weight module
of L-weight engﬁlYO_qldz .

Furthermore we show that V; is irreducible, and is isomorphic to the level 0 fundamental
extremal representations V' (zy) as modules over the horizontal quantum affine subalgebra.

When the monomial crystal My is not closed, there is no integrable representation
of Uy(slf? ;) whose set of (-weights consists of monomials occurring in it. The idea is
to consider instead of My a closed crystal My containing it and to apply the preceding
methods to this crystal.

We treat an example of such a construction: set M = eleYLlYl,_lYszlYofol. We

consider the sub-Uy (sl 1)-crystal M(M) of M generated by the monomial M. Tt does
not satisfy the definition of closed monomial set. We determine a closed monomial set
M(M) containing it on which we apply the preceding methods.

Theorem. (Theorem There exists a thin representation of U,(sli") whose q-
character is the sum of monomials occurring in M(M ) with multiplicity one. It is denoted

by V(M).

The construction is analogous to the one of the extremal fundamental loop weight modules:
we paste together finite-dimensional representations of vertical quantum affine subalgebras
of U, (sl{"). Furthermore we have

Theorem. (Theorem|2.4.11) The representation V(M) is an extremal loop weight module
of L-weight M.

In addition to the promotion operators, there exists shift automorphisms of the spectral
parameter (a € C*)
Tpg - }/zflt:z = Yvii:quf
on the monomial crystals M. These shift automorphisms are related to finite-dimensional
representations of the quantum toroidal algebra at roots of unity. This is the main moti-
vation of our study of extremal loop weight modules. We get an important result in this
way.

Theorem. (Theorem Set £ =1,n andpg =n+1 (resp. £ =1+ 1 and p; = 2).
Denote by € a primitive [pgL]-root of unity with L > 1 (resp. L > 1). There is an
n+1

1

irreducible U (sl 1) -module [Viq]e of dimension L x



42 CHAPTER 2. EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS

2.1.4 Organization

Let us now describe briefly the organization of this chapter.

Section 2.2 is devoted to the study of monomial crystals. We recall its definition and we
introduce the notion of closed monomial set (Definition [2.2.6). We introduce promotion
operators for the level 0 fundamental extremal weight crystals. As a consequence, we
determine when M is closed (Theorem [2.2.22).

In Section 2.3 we construct a new family of representations of Uy (slf7 ;) (the extremal
fundamental loop weight modules) when n is odd and M, is closed (Theorem .
We check that these representations satisfy the definition of extremal loop weight mod-
ules (Theorem and we give formulas for the action (Theorem [2.3.12). We get
finite-dimensional representations of the quantum toroidal algebra at roots of unity by
specializing the quantum parameter ¢ at roots of unity (Theorem .

In Section 2.4 we treat an example where the considered monomial crystal is not closed.

We construct a representation of U, (sl{’") associated to the level 0 weight 2.

2.2  Study of the monomial crystals ./\/l(ewag,OYOlee)

We will relate in this chapter the monomial realizations My of level 0 extremal funda-
mental weight crystals B(zwy) (1 < £ < n) of Uy(sl,11) with integrable representations of
Uy (sl?71). In this section, we study the combinatorics of these monomial realizations, the
main point being the use of promotion operators for level 0 extremal fundamental weight
crystals introduced below. This is the first step of the construction of integrable modules
associated to My ,.

In the first subsection, one gives the definition of the monomial Z/lq(sAlnH)—crystal M
[Kas03, Nak03]. This definition holds when the considered Cartan matrix has no odd
cycle. So it does not work for Uq(§1n+1) when n is even, and we have to assume that
n=2r+1 (r>1)is odd until the end of Chapter 2. Following [HNO6|], we recall the
monomial realization of B(wy) (1 < £ < n): it is isomorphic to the sub-U (s, 11)-crystal
My = M(GWHJYO;{Q) of M generated by the monomial eWYéJYqule (with dy equal
to min(4,n + 1 — ¢)). Furthermore we define the notions of g-closed monomial set and
of monomial set closed by the Kashiwara operators, respectively related to the theory of
g-characters and to the combinatoric of crystals.

The monomial crystals M, are already studied in [HNO6]: the monomials occurring in
these crystals are explicitly given for 1 < ¢ < n and their automorphisms z, are described
in terms of monomials. We recall these results in the second subsection.

In the third subsection, we introduce promotion operators for level 0 extremal funda-
mental weight crystals B(wy) (1 < ¢ < n). The promotion operators were introduced in
[Shi02] for the Young tableaux realization of the finite U, (sl,+1)-crystals Bo(kAs) (k € N*,
1 < ¢ < n) and studied in numerous papers (see [BST10, [FOS09, [0S08, [Sch08, [Shi02] and
references therein). It is the counterpart at the level of crystals of the cyclic symmetry
of the Dynkin diagram of type A,(ll). After recalling these definitions, we extend the pro-
motion operators for the level 0 extremal fundamental weight crystals B(wy). Finally we
specify the promotion operator of B(wy) in its monomial realization M.

In the last subsection, we use promotion operators to obtain a new description of
M. In particular, we improve results given in [HNOG] for these crystals. Furthermore we
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determine the ¢ € Iy for which the monomial crystals M, are closed (Theorem [2.2.22)):
this is the case if and only if / = 1,7 + 1 or n.

2.2.1 Monomial crystals

In this section we define the monomial crystal M of I/lq(glnﬂ) when n = 2r 4+ 1 is
supposed to be odd, following [Kas03l, Nak03]. Monomial realizations of the crystals B(\)
with A € P, in particular of B(wy) (1 < ¢ < n), are studied in [HNO6 [Kas03, Nak03].
They are obtained as subcrystals of M generated by a monomial. We recall these results
here. Finally we introduce new notions of g-closed monomial set and of monomial set
closed by the Kashiwara operators.

As we have said above, the definition of the monomial crystal M requires that the
considered Cartan matrix C' is without odd cycle. So we assume that n = 2r +1 (r > 1)
is odd until the end of this chapter. In particular there is a function s : I — {0,1},i — s;
such that C; ; = —1 implies s; + s; = 1.

%i,q! (m)

Let us recall that Ay is the group of monomials of the form m = e« (") [Licriez Y, g

where u; ,.(m) € Z, w(m) € P are such that

> i g (m) = w(m)(hy).

LEZ

To simplify the notations, we will denote Ylj[ql1 and u; 4 (m) only by Yljtl1 and wu;; in the
whole Chapter 2 (i € 1,1 € Z).
Consider the subgroup M C Az defined by

M={me Az |u;(m)=01if | = s; + 1 mod 2}.
Following [Kas03, Nak03], let us define wt : M — P and
iy QisDiy @i » M — Z U {oo} U{—o0}
for i € I by (m € M)

wt(m) = w(m),
wiL(m) = ui(m), @i(m) = max{p; L(m)|L € Z} > 0,

I<L
giL(m) = —Zui,l(m), ei(m) = max{e; . (m)|L € Z} > 0,
I>L
pi(m) = max{L € Zle; 1(m) = &;(m)}
= max {L Y/ Zuzl(m) = pi(m) } )
I<L

gi(m) = min{L € Z|p; (m) = ¢i(m)}

—Zui7l(m) =¢gi(m) } .

= min{ L e€Z
I>L

Then we define &;, f; : M — MU {0} for i € I by

5om — { 0 if £;(m) =0,
! mAi,pi(m)—l if sl(m) > 0,
7 _J0 if pi(m) =0,
fiom = { mA; o i ei(m) >0,



44 CHAPTER 2. EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS

where A;; = €Y 1YYy, Y1, € Az
Theorem 2.2.1. [Kas03, [Nak03] (M,Wt,ai,goi,éi,fi) s a L{q(sAlnH)fcrystal, called the
monomial crystal.

Remark 2.2.2. When n is even, the Dynkin diagram of type A%l) is not bipartite. In this

case, (M, wt,e;, i, &, fi) does not satisfy the azioms of crystal (see [Kas03]). Another
crystal structures are defined on (a subset of) Az in [Kas03]. But the monomials used are
different with those occurring in the theory of g—characters of L{q(slﬁfil)—modules and it is

not useful for what we will do in this chapter.

For m € M denote by M(m) the connected subcrystal of M generated by m. As
it is explained above, the weight of a monomial m’ € M(m) is determined by w(m) and
u;;(m') (Remark . So we will omit the term e*(™) and we just specify the weight
of the monomial m. For J C I and m € M, denote by M j(m) the set of monomials
obtained from m by applying the Kashiwara operators &;, f; for i € J. It is a connected
sub-J-crystal of M(m) generated by m.

For p € Z and o € Z0, let Ty, o be the map 79, o1 M — M defined by

U, n A Ui,n
Top,a( H Y,,")=e H Y; n+2p°

This is a Pg-crystal automorphism of the crystal M, also called shift automorphism in
the following.

The following result was proved in [Kas03, Nak03] when m is a dominant monomial
and is generalized in [HNOG] for all m € M.

Theorem 2.2.3. For m € M, the crystal M(m) is isomorphic to a connected component
of the crystal B(X) of an extremal weight module for some \ € P.

It was shown in [Kas02b] that the fundamental extremal crystals B(wy) are connected
for all £ € 1. Let
dy =min(/,n+1—-1)

be the distance between the nodes 0 and ¢ in the Dynkin diagram of type A,(ll). We have
the following monomial realization of B(wy).

Theorem 2.2.4. [HN0G] Set M = eng’OYOleé for € € Iy. Then M is extremal in M and
M(M) ~ B(wy) as P-crystals.

One can define in the same way the monomial crystal Mg associated to Uy(slp41). It
can be done for all n > 2, the Cartan matrix of type A, being without cycle. As it is said
above, the weights of monomials are completely determined by the powers of variables
Y;?lﬂ in this case. So they can be safely omitted. For m € My, we denote by My(m) the
subcrystal of Mg generated by m. We have

Proposition 2.2.5. [Kas03, [Nak03] The Uq(slp+1)-crystals Mo(Y; ) and Bo(A;) are iso-
morphic for all i € Iy and k € Z.

For i € I, set =; : M — M the map sending the variables in*l,e to 1 for all j # i

and v € P, and YjEl to themselves. Another map will be used below: =/ : M — M which
sends the varlables Yil to themselves if j # i and Y21, e” to 1 for all v € P. These two

i,% )

maps are also deﬁned in [FMO1] and denoted by Sy;; and 3j; respectively.
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Definition 2.2.6. (i) A set of monomials S C M is said to be q-closed in the direction
i (i € 1) if for all m € S there exists a finite subset

SnCSN (m-HA%Z)

leZ

containing m and a sequence (ns)ses,, ©of positive integers such that

Zi (Xses, s - §) is the g—character of a representation of U;.

(ii) A set of monomials S is said to be J-q-closed (J C I), or simply q-closed if J =1,
if S is q-closed in the direction i for alli € J.

(iii) A set of monomials S C M is said to be J-closed by the Kashiwara operators (J C I),
or stmply closed by the Kashiwara operators if J = I, if the operators €;, ﬁ preserve
S forallie J.

(iv) A set of monomials S C M which is J-q-closed and J-closed by the Kashiwara
operators (J C 1), is called a J-closed set. If J = I, it is simply called a closed
monomial set.

Remark 2.2.7. (i) The definition of q-closed set is inspired by the theory of g—characters
and the Frenkel-Mukhin algorithm [FMO01]. In particular, it involves q-characters of
Uy(sls)'-modules. Let us recall that in this case, the image of x4 : Riz — Z[Y5 ez

is known (see [FR99]): it is equal to the subring Z[(Y1; + Yl_l}g)]lez of ZIYi ez
generated by the Y7 ; + Ylil}m (leZ).

(it) The notion of q-closed set holds also for the monomial Uy(slp+1)-crystal My. Further
it extends naturally when q is specialized at roots of unity, by using the theory of q—
characters at roots of unity [FM0O20].

Let V be an integrable Uy (sl )-module such that for all ¢-weight (v,7) of V, Vi)
is finite-dimensional and the roots of the associated polynomials Q;(z) and R;(z) are in
q” for all i € I. Then the monomial set M(V) is g-closed. Note that it is not necessary
that the Frenkel-Mukhin algorithm holds for V: for example it does not work for the
simple finite-dimensional U, (sl3)’-module Vo(YeY2,3) =~ Vo(Y1,0Y2,3) @ Vo(Y1,0) considered
in [HLIO0], but M(Vo(Y2Ya,3)) is g-closed.

In general, M(V) is not closed by the Kashiwara operators: for example the
g—character of the L{q(sAlg)’—module VO(YLQYl%O) contains the monomial Y7 o but does not
contain Yljgl. However, it holds for the fundamental Uq(§Zn+1)’-modules. In fact by using
the tableaux sum expressions of their g—characters given in [Nak03], we have

Proposition 2.2.8. [Nak03] Let Vo(Yiy) be a fundamental representation of Uy(slys1)
(i € Iy, k € Z). Then the monomial sets Mo(Y; 1) and M(Vy(Y;)) are equal.

In particular by Proposition [2.2.5] M(Vy(Y;x)) has a Uy(sl,+1)-crystal structure iso-
morphic to Byp(A;). As a consequence we have

Corollary 2.2.9. For all1 <i<mn and k € Z, the Uy(sly41)-crystal Mo(Y; ) is closed.

Finally, let us give an example of monomial crystal which is not ¢-closed. Consider the
Uq(slg)—crystal M0(§/174Y170)

—1 —1y—1
Y14Y10 = YigYi0— YigYis.

If Mo(Y1,4Y10) is g-closed, it should contain M (Vy(Y1,4Y1,0)). This is not the case, the
g-character of Vj(Y1,4Y1,0) being

Xe(Vo(Y14Y1,0)) = YiaYi0 + Yy Yio + YiaY) + Y V5.
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2.2.2 Description of the monomial crystal ./\/l(ew‘ng,oYofdi)

Assume that n = 2r 4+ 1 is odd with » > 1. The monomial crystals M(ewf}fg’oYOleé)
are studied in [HNOG, Section 4]: the monomials occurring in these crystals are explicitly
described and the automorphisms z, are given in terms of monomials. We recall these
results here.

To describe the monomial crystals M(ewi}Q,OYO’_di), we assume in this section that
¢ <r+1 (as in [HNO6]). Let us begin by explaining why we can do that. We need the
notion of twisted isomorphism of crystals (this definition appears in [BST10]).

Definition 2.2.10. Let B and B’ be crystals over two isomorphic Dynkin diagrams D and
D’ with vertices respectively indexed by I and I' and let 6 : I — I' be an isomorphism
from D to D'. Then ¢ is a O-twisted isomorphism if ¢ : B — B’ is a bijection map and
forallbe B andi e,

Foiiy - ¢(b) = ¢(fi - b) and &g(;) - ¢(b) = B(é; - b).

Let ¢ be the automorphism of the Dynkin diagram of type A,(zl) such that «(k) = —k
(k € I) where I is identified to the set Z/(n + 1)Z. It defines an automorphism ¢, of b by
sending h;,d to h,),d for all i € I. Let ¢ : M — M be the map defined by (r € Q)

w <€r5 H(eAZ}/;,n)uln) _ er6 H(eAiiY—iJl)Ui’n'

Then we show easily that 1 is a (-twisted automorphism of the P-crystal M. Furthermore
it induces a (-twisted isomorphism

E M(eszZ’OY’O}l) N M(ew"+172Yn+174,0Y07_£1)

between the monomial crystals M(e®¢Y; oYy ,') and M(eZn+1-¢Y,, 1 _4oYy ) for all 1 <
£<r+1. 7 ’

So one can assume that 1 < ¢ < r + 1. In this case, dy = £ and we study the crystal
M(e™e Y&OYOTzl) (see [HNO6]). One defines the monomials

p - Ykill,p+kyk,p+k—1 forl<k<n+lpecZ

with Y, 11, = Yo, by convention. By Remark the terms ¢“(™) can be safely omitted
for all m’ € M(e®*Y;0Yy,'). Set My = =Yy 0Yy ' and

. — . _1 _1 . .
M;j = YZ,ZJYo,n—1z+1+2jy},e+jyj,n4+l+a

- (n—€+2jn—é+2j—2 o .nf€+2) x (Mfllﬁ‘ia‘s o 'ml—@r?y‘)
j l

= HlEn—z—%ijrz x H Elé+1—2p+2j
=

p=j+1

with 0 < j < £. In particular, My, = n,nJrlYo_anH = Tpt1,—05(Mop) and My = 1o _5(My)
for £ = r + 1. One defines other monomials in the following way: for j € Z and a Young
tableau of shape (¢) T'= (1 <4 <ig <--- <ip <n+1) we set

J 1
MT;j = l_Iln—e—zp+2j+2 x 111 +1—2p+2j for0<j<f-1, (2.1)
p= p=j

and M. = Tn—&-l,—f(S(mT;j)‘ Note that M; = mr;; with T'= (1,2,...,4).
By Theorem M(My) and B(wy) are isomorphic as P-crystals. Furthermore
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Proposition 2.2.11. [HN0OG]
(1) My, (M;) consists of mr; for various sequences T .

(ii) We have the equality of Iy-crystals

/-1

M(ePYi0Ys0) = L (Tasr—e)* | [ M (M) | - (2.2)
keZ j=0

(iii) The map o : M(emYmYOjdt) — M(ew‘-’Yg’OYOTdt) defined by o(my.j) = mpjy1 is a

P -crystal automorphism equal to z[l.

(iv) The Kashiwara operators €;, fi are described in terms of tableauz: for i # 0 we have
€ - mp,; = mqrj or 0. Here T' is obtained from T by replacing i + 1 by i. If it is
not possible (i.e. when we have both i+ 1 and i in T or when i+ 1 does not occur in
T), then it is zero. Similarly fi - mr.; = mqn.j or 0, where T" is given by replacing
i by i+ 1. For the action of €g, fo, we have

3 {0 ifin£1 orig=n+1,
€0 -Mr;; = - .

M(ig,... ig,n+1);5—1 ifir=1andig#n+1,
~ 0 ifir=1o0rig#n+1,
fO mri; = - .

M(1iy,ie )+l Y1 F 1 andig=n+1.

Proposition 2.2.12. There is a bijection given by Z° between My, (Mo) and M(V),
where V = Vp(E°(My)) is the fundamental representation of Uy(sln+1) associated to Yy .
In particular the monomial crystal Mp,(Mo) is Ip-closed.

Proof. By the previous description, My, (My) consists of the monomials my, for var-

ious sequences T. By applying the map Z°, they are sent to the monomials m7p =

¢ 4 . . .
|| +1_2p with T'= (1 < < --- <iy <n+1) and where we set p =Y, and
p = Y_J} nt1 for all p € Z. They are exactly the monomials occurring in the tableaux

sum expressions of g-characters of fundamental modules of U,(sl,11)" (see [Nak03]). So
the image of My, (My) by E° is equal to M(Vy(Yzp)). Further this set is Ip-g-closed by
definition, and M, (My) is also Ip-closed O

Now let us consider the monomial crystal M(ewaYO_dlz) with 1 < £ < n. We
determine in the next proposition when z; has the particular form of a shift.

Proposition 2.2.13. The automorphism z; of /\/l(emYmYo_dle) has the special form of
a shift Tpo (p € Z,a € Z6) if and only if ¢ = 1,n or £ = r + 1. Moreover, we have
21=2n =T-pn-1,6 and 241 = T_26.

Proof. Assume that £ < r + 1. We have seen that z, = o~!. So it suffices to determine
when o is a shift. We have the equality ¢ = Tpt1,—¢5- Hence if £ =1, 0 = 7,41 5 is
a shift. Assume that ¢ = r 4+ 1. In this case, My = 1 _5(Mo) = 0(Mp). As the crystal
M(My) is connected and o and 7,5 are automorphisms of crystals, we have 0 = 75 _;.
For the other cases, o is explicitly known and is not a shift. As ¢ and shift automorphisms
commute, the result follows for £ > r + 1. O
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2.2.3 Affinized promotion operators and monomial crystals M (e™* YwYOlez)

In this section, we introduce promotion operators for the level 0 extremal fundamental
weight crystals. We describe them in the monomial realizations of B(wy) (1 < /¢ < n).

Let us begin by some definitions and properties about the promotion operators (see
[BST10, [FOS09. [Sch08|, [Shi02] and references therein for more details). In type A, the
highest weight crystal By(\) of highest weight A € P(T can be realized by the semi-standard
Young tableaux of shape (\). The weight function wt is defined by the content of tableaux,
ie.

wt(T) == (wi(T), ..., wps1(T))

where w;(T") is the number of letters i occurring in the tableau 7T'. It can be viewed as
an element of Py in the following way: set ¢, = A; — A;_1 for 2 < i < n, ¢ = A; and
€nt1 = —€1 — - -+ — €. In particular, a; = €¢; — €41, Ay = €1+ -+ ¢ (1 <i<n), and we
have P = Zey + -+ - + Zep4+1. Then wt(T') corresponds to the element

wi(T)er + -+ + wpy1(Tent1 € Po
for all Young tableau T

Definition 2.2.14. Let By = By(\) be a highest weight Uy(slp41)-crystal of highest weight
AE P(T. A promotion operator pr on By is an operator pr : By — By such that
(i) pr shifts the content: if wt(T') = (w1,...,wn41) is the content of T € By, then
wt(pr(7)) = (wpt1, w1, ..., W),

(ii) promotion operator has order n+1 : pr"*! =id,
(iii) proé = é10opr and pro f; = fi1opr fori€ {1,2,...,n— 1}.

Given a promotion operator pr on a highest weight U (sl,+1)-crystal By(\) (A € Py),
one defines an associated affine P.-crystal by setting

éo:=pr toé oprand fo:=prtofopr.

We denote the Py-crystal hence obtained by By(\),g-

It was shown in [Shi02] that the Uy (sly41)-crystal Bo(A) (A € Fy) has a unique pro-
motion operator pr when \ is rectangular (i.e. of the form kA, with ¢ € Iy and k € N*),
given by the Schiitzenberger jeu-de-taquin process. Furthermore the affine Pj-crystal
Bo(kAs), ¢ obtained by using the promotion operator pr is isomorphic to the crystal basis
of a Kirillov-Reshetikhin module associated to ¢ € Iy, k € N* (for a special choice of the
spectral parameter a € C* - see [KKM™792|).

From the affine Pg-crystal Bo(kAs).g, let us consider its affinization By(kAg)ag (see
also [Kas02b|): this is the P-crystal with vertices in

{z°T|s € Z,T € Bo(k?Aé)gff}
such that for all s € Z and T' € By(kAy). g,
Wt(ZST) _ Wt(T) 186, & 2°T = 551000 (éi . T)} fz ST — 5500 (fz . T).

Assume in the following that £ < r+1 (the case £ > r + 1 is studied at the end of this
section). We introduce the affinized promotion operator on By(kAy)ag-
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Definition 2.2.15. Let us consider the crystal of finite type Bo(kAy) (with k € N and
¢ < r+1), pr its associated promotion operator and By(kAg)ag its affinization. The
affinized promotion operator on Bo(kAg)ag is the operator prog : Bo(kAg)ag — Bo(kAg)as
such that for all T € By(kAs).g and s € Z,

prog(2T) = 271 pr(T).
One checks easily the following statements.

Lemma 2.2.16. The affinized promotion operator prog of Bo(kA¢)ag shifts the content.
It satisfies

PTaf © € = é’i+1 O Plagr and Prag © fl = fi+1 O Prafr

for i € {0,1,...,n} (where ény41, fny1 are understood to be éy, fo respectively). It has
infinite order, the weight of prggl being —kléd.

Recall that one has defined an automorphism 6 of the Dynkin diagram of type AS)
corresponding to a rotation such that 6(i) =i+ 1 (¢ € I). Then by the above Lemma,
prug is a O-twisted automorphism of By(kAg)ag. Furthermore as the P-crystals B(wy) and
Bo(Ag)as are isomorphic (see [Kas02b]), the affinized promotion operator pr,g induces a 6-
twisted automorphism of the level 0 fundamental extremal weight crystal B(wy) (¢ < r+1).
We call it promotion operator of B(wy), also denoted by pr,g.

We want to describe the promotion operators of the crystals B(wy) in the monomial
realizations when ¢ < r + 1. To do that, let ¢ : ./\/l(ew"'Yg,oYOTZl) — M(eng’oYO}l) be the

map such that
o (IIvir) =TIV

the terms e” being safely omitted in the definition of ¢ by Remark Denote by
©: B(Wg) ~ Bo(Ag)aff — M(eweanb’_@l)

the isomorphism of P-crystals between By(Ay).g and M(ewén7oif]jél). It is explicitly given
by
p: 2°T € Bo(Ag)asr = mr,—s € M(e¥Yy0Yy ') (s € Z,T € By(Ay)).

The following result relates the map ¢ : M(e®¢Y; oYy ') — M(e™¢Yy0Y;,') to the promo-
tion operator pr,g of B(wy) introduced above.

Proposition 2.2.17. Assume that £ < r + 1. The following diagram commutes

B(we) M(e= YY)
praffl ld)
B(wy) L M(e%tY0Yy )

Proof. For 1 <k <n+1 and p € Z, we have

s(h]) = oV pYiwri-1) = Vi e Vit 1otk
{ k+1 if k<n,
— P

p+n+1 ifk=n+1.
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FixjeZand T = (1 <i; <ig <--- <ip <n+1)a Young tableau of shape (A;). If
i¢g Zn+ 1, we have

L

J
¢(mryy) = ¢ l_A[1n7€72p+2j+2 H +1 2p+2j
p:
J 14
- l_lln—z—2p+2j+2 H -z 1-2p+2;
e p=j

= Mpr(r); = P(Prag (2™ jT)).

Assume that iy = n + 1. Then

j -1
o(mry) = 1_[1,1472“2%2 X H +172p+2j X n7€+2j+2
o ey
Jj+1

= 1 .
Hn 0—2p+2(5+1)+ H +1 —2p+2(j+1) n—f+2(a+1)

p=j+2
= Mpr(ryger = G777 1PI‘(T)) = @(prag(z77T)).

O]

Remark 2.2.18. It follows that ¢ is a 0-twisted automorphism of./\/l(ewa}g,oYO_el), since
B(wg) and M(e®tY, oY, ') are connected and prog is a 0-twisted automorphism.

The case £ > r + 1 is similar to the previous one. The affinized promotion operator of
Bo(kAp)ag (k € N¥) is the operator

p~I‘aff : Bo(k‘Ag)aff — BQ(kAg)aff
such that for all T' € By(kAy)ag and s € Z,
Pro(2°T) = z*TFwnstMpp(T),

Note that the definition of the affinized promotion operator is different to the one when
¢ < r+ 1. This provides to the automorphism ¢y of b.
Let us consider the map ¥ o poyp~!: M(e w"Yg OYO ng1—g) — M(ePYy OYO ng1—g)- 1t

is a #~!-twisted automorphism of M (e®¢Yy OYO nt1_e) such that

vopoy t (TIV) = T1¥i -
It can be related to the promotion operator prg of Bo(kAs)as: one can check that 1o ¢o
Y =prg.

2.2.4 Application of promotion operators to the study of ./\/l(ewag,oYofdlz)

In this section, we use promotion operators to obtain a new description of M(ew‘}/}701/b_dt),
improving results given in [HNO6]. Moreover, we determine the ¢ for which the crystals
M(ewé}/}701{)_d11;) are closed.
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Assume first that ¢ < r + 1 (where n = 2r + 1 is still supposed to be odd). Let us
begin by the following remarks. The monomials q&j(Yg,oYofel) = YZJFJ?J'YJ}_@L‘ will have a
particular importance in the construction of extremal fundamental loop weight modules.
One can give them in terms of Young tableaux, thanks to the #-twisted automorphism ¢
of M:

— if j is such that £ +j < n 41, YgH,ij}}H € My, (Mp) and is equal to mz.,y with

T=(G+1,5+2,....,5+40),

—if 1 < j <£-—1, then Yj,n*€+j+1yn_—1£+j+17n+j+1 € My, (Mj) and is equal to my;

with T'=(1,2,...,5,n—¢+74+2,...,n+1).

We will have to consider the finite sub-I;-crystals of M(ew‘ZYg,OYOj)

-1
Mlj (Y£+j,j+k(n+1)Yj,£+j+k(n+1))

for j € I and k € Z: this is the sub-I-crystal of /\/l(ew"'Yg,gYO}l) generated by the
monomial Yy ; j+k(n+1)Yj,_e}s_j Fh(nt1)” Note that one of these crystals can be obtained from
another one by application of powers of ¢.

Proposition 2.2.19. Let £ < r 4+ 1. We have the equality of sets

M(ew‘Yz,OYo}l) = U (Tt1,—05)" (U M, (Yé’ﬂ,jyjjf}kj)) :

keZ j=0

Proof. As YZHJYQ}H € M(e™Yy0Yy,') for all 0 < j < n and M(e¥¢Y;0Yy,') is con-

]’
nected,
n

-1 -1
U My (Yey5Y, 04 5) © M(eYeoYg,)
§=0
as sets.

Let us fix m € M(ewamYOTZI). The monomial m is of the form myp,; with
T=(1<i<i2<...<ipg<n+1)and j € Z. By application of the shift automorphism,
one can assume that 0 < j < ¢—1. So we have to show that mr; € U}_o My, (YEHJYjTgij).
If j =0, we have mp,y € M[O(YK,OYO_;). Assume that 1 < j </ —1 and set s = 17,1 — 1.
Then T'= (i1 < -+ < ij <s+1<ijp2 <--- <ig) and by application of the Kashiwara
operators €1,...,€5_1,€542,...,Ey, o0 M7, we show that

mry; € M (mp ) withT' = (1< <j<s+1<---<s+{—j).
By applying €1,...,€;-1,€s4¢—j4+1,--.,€n and €y on mryv.;, it is sent on
mpmg with T = (s +1< - <s+ ) if s+ <n+1,
and on
mpry, withu=s+0—n—-1,T"=(1<---<u<s+1<---<n+1) otherwise.

Furthermore mq»., = ¢* (Y&OYOjel) = Y€+s,sYs,_gi s by the above remark and mr; is also

contained in M, (YVK‘F&S}/SQ}FS)' -

Remark 2.2.20. One of the questions treated in [HNQ6, Section 4] is to give an explicit
description of monomials occurring in /\/l(ew‘ng,OYOTEI) (¢ <r+1). Actually by the shift au-
tomorphism and the description given in [HNOG|, all the monomials in ./\/l(ew‘fYé,gYO_el) can
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be obtained from the monomials occurring in |_|§;(1) My, (Mj) (see ) So this descrip-

1
tion requires to know [K . <n—£ >

proposition improves this result. In fact to determine all the vertices of /\/l(eWY&OYOTZI),

monomials to obtain all the other ones. The preceding

it suffices to know the monomials occurring in the Iy 1y-crystal MI{OJ}(Y&QYOTEI) and to
apply ¢. Further a monomial mp..g € Mf{o,1}<Y€,0Y0_él) is such that T' has the form

T = (1 <ig < -+ < ig). So by the above proposition, only (fﬁ 1) monomials are

sufficient to determine all the vertices of M(ewagonb_gl).
The following lemma will be useful in the following.
Lemma 2.2.21. Assume that =1 or{ =7r+1 and set p=n+ 1 or p = 2 respectively.
We have the equality of I;-crystals (0 < j <n)
M(e™ Yo = | (o) (M, (YersiY524)) (2.3)
keZ

Proof. By Proposition [2.2.13] the automorphism z, has the special form of a shift in the
considered cases. Further we know that (T_p,g)é = T_p—145- Using 1) we obtain

/—1
M(eP Yo Ye ) = || (s (Ll (trs)] <M10<Mo>>) .

keZ §=0

As 7, _5 and ¢ commute, (2.3 follows. O

Similar equalities of crystals can be given for £ > r 4 1, by using the automorphism .
Now we are able to determine the ¢ € Iy for which the monomial crystal M (e®* ngoYofdlé)
is closed.

Theorem 2.2.22. The monomial crystal M(ewé}’&oY'O_dIZ) is closed if and only if £ =
1,741 orn.

Proof. Let us begin by the case £ < r + 1. Assume that the crystal M(ew‘meYO}l) is
g-closed for 2 < ¢ < r. Consider the monomial

Mj =Yy 2; On e+1+23Y £+jY n—t+14j € M(e™Yy OYOE )

with j # 0. We have Z;(M;) =Y, HJY n—t+1+j- By Definition there exists a subset

leZ

SMJ. C M(ewlYZ,OYngl) N (Mj ’ H A%l)

containing M such that its image =; (S Mj) by Z; is the set of /-weights of a representation
of L?j. By the theory of g—characters of ZJj—modules, we should have
Vi Yin-en145% (Ajeni) €55 (Sw,) -

Furthermore, the map =; is injective when it is restricted on the set of monomials
M; - (HZGZ A%O: indeed we have for all monomial M; - <Hl€Z A l),

= (e T ) =00 T =08 =20 T

leZ leZ IEZ

[I]
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where 7,y is the map defined in [FMO1), Definition 3.2] (the second equality is a conse-
quence of [FM01), Lemma 3.5]). The injectivity is a consequence of the injectivity of 7(;
(see [FMOI, Lemma 3.3]).

So the monomial

m=M;-Ajeyj = YMJYo,n—e+1+2jYJ7€+J—2Y}—1,e+j—1yj+1,e+j—1YJ7n—E+1+J

should occur in M(ew‘Y}70%}1). But this is not the case, m being not of the form .
Hence M (e®*Y; oY, ') is not g-closed when 2 < £ < r.

Now assume that £ =1 or £ = r + 1. In this case, zp = T_ps Withp=n-+1orp=2
respectively and by the above lemma

M(e VoY) = | (ms) (M1, (Yerss Vi)
keZ

as Ij-crystals (0 < j <n). By Proposition the finite crystal My, (My) is Ip-closed.
As the Ij-crystals M Ij(}/'g+j,j1/}}ij) can be obtained from My, (My) by application of
powers of ¢, they are also Ij-closed for all 0 < j < m. Then by the above equalities
M(ewYmYO}l) is closed.

Finally, the result follows for all the ¢ € Iy by using the t-twisted automorphism
(which preserves the notion of g—closed monomial set). O]

2.3 Extremal fundamental loop weight modules for U/, (sl’],)

when M(e®Y;Y; ) is closed

Assume that n = 2r 4+ 1 (r > 1) is odd and M, = ./\/l(eWYg,oYO’_dlz) is closed (it holds

if and only if = 1,741 or n). In this section, we relate the monomial Z/{q(glnﬂ)-crystals
M, with integrable representations of Uy (sI%] ;).

In the first subsection, we construct a new infinite family of representations V; of
Uy (slt7 1) (Theorem . We call these representations the extremal fundamental loop
weight modules. Let us give the outline of this construction: consider the vector space
V; freely generated by the monomials occurring in M,. For all 0 < j < n, we define an

action of UY (sIiT ) on it, denoted by Véj ), such that

‘/Z(j) — @ Vk(J)
k€EZ

where Vk(j ) is a subvector space endowed with a structure of a simple ¢-highest weight
UL (slter ) )-module. We show that it defines a Uy (i} | )-module structure in this way on
Vi, the compatibility between the action of various vertical subalgebras being a conse-
quence of the existence of promotion operators on M,. Furthermore the g—character of V;
is the sum of monomials occurring in M, with multiplicity one.

In the second subsection, we study these representations: we show that V} is irreducible
and it is an extremal loop weight module, generated by an extremal vector of /-weight
=t YE,OYO,_dlg' Furthermore explicit formulas are given for the action of Uy (sl ;) on Vp. Tt is
remarkable that these formulas are expressed only from the associated monomial crystal
and are “universal” in the following sense: the action on all the extremal fundamental
loop weight modules V; is completely determined by these formulas and by the data
of the corresponding monomial crystals My. This sheds new light on the link between
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monomial crystals and the theory of g—characters already expected in [HNOG]. All these
sentences hold for the fundamental f-highest weight modules Vo(Yzo) of Uy(slny1)" with
the corresponding monomial crystals Mo(Y).

In the third subsection, we specialize q at a root of unity e. We obtain new irreducible

finite-dimensional representations of the quantum toroidal algebra U, (sl ).

2.3.1 Construction of the extremal fundamental loop weight modules

Let us begin by the main result of this section.

Theorem 2.3.1. Assume that n = 2r + 1 is odd and ¢ = 1,7 + 1 or n. There exists a

thin representation of Uy(sltr ) whose q—character is the sum of all monomials occurring

mn M(GWYZ,OYO_C}Z) with multiplicity one. It is denoted by Vy = V(ew‘fY&OYO_dlé) and called
the extremal fundamental loop weight module of £-weight engonO*dll.

To construct these representations, let us start with results about the fundamental
modules Vy(Y ) of Mq(§1n+1)’ (ne N, 1</¢<mn, keZ) Asitissaid above, it is
isomorphic to the fundamental highest weight U, (sl,+1)-module Vp(Ay). So we begin by
recalling some well-known facts about V(Ay) which will be useful.

Lemma 2.3.2. All the weight spaces of the fundamental highest weight Uy(sl,1)-module
Vo(Ag) (1 <4< n) are of dimension 1. Furthermore the Weyl group of finite type Wy acts
transitively on wt(Vo(Ay)).

Proof. We give here a proof of these results by considering the associated crystal By(Ay)
of semi-standard Young tableaux 7' = (1 < ¢; < --- < iy < n+ 1) of shape (A;). The
first statement is easy to show. In fact for 7' = (1 < i3 < --- < iy < n+ 1) of shape
(A¢), we have wt(T') = €;, + - - - + €;,. These weights are different to each other and for all
v e wt(Vo(Ag)),

dim(Vo(A)y) = 8Bo(Ag)y = 1.

Let us show that Wy acts transitively on wt(Vp(Ar)). The action of the simple reflec-
tions s;jone; (1 <i<n,1<j<n+1)is

€1 ifi=7,
Si(Ej) =4 € ifi = 7+ 1,
€j ifi=#74,7+1.

Hence, Wy acts transitively on wt(Vp(Ay)). O

Proposition 2.3.3. Let Vo(Yy i) be a fundamental module of Uq(§1n+1)’ (e lykeZ).
Then Vo(Yy k) is a thin Uy (slyy1)'-module which admits a basis (v,,) indezed by the vertices
of the monomial crystal Mo(Yy), such that for all m € Mo(Yyr) and i@ € Iy, v, is of
L-weight m and

+ — - . — =
Ty Um = Veims Ti0 " Um = Vf,.

where vg = 0 by convention.

Proof. 1t is known that Res(Vy(Y,)) is the fundamental highest weight U, (sly,41)-module
Vo(A¢). By the preceding Lemma, its weight spaces are all of dimension one. In particular
its ¢-weight spaces are also of dimension one and V(Y ) is a thin Uy(sl,+1)"-module.
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Furthermore Res(Vy(Yz;)) is the extremal weight module of extremal weight Ay, gen-
erated by an extremal vector v of weight A,. Hence, there exists {vy }wew, such that
v = v and

xj’to vy = 0 and (xfo)(:l:w(l\e)(hi)) U = Vg, () i £ w(Ag)(Ry) > 0.

By the above lemma for all v € wt(Res(Vo(Yr))), there exists w such that v = w(Ay).
Then the corresponding vector v,, is non zero of weight v. As all the weight spaces of
Vo(Ye,1,) are of dimension one, {vy, }wew, generates Vo(Yy k) as a vector space. Furthermore
for all w,w’ € Wy,

w(Ap) = w' (Ag) € vy = Vyy.

In fact, we have (see [Bou68, Ch. V.3.3, Proposition 2])

w(Ay) = w'(Ay) & w_lw’(Ag) =N esw e (siyi € Iop — {L})
sw €ew- (si,i € Iy — {{}).

Fix an (-weight m € M(Vo (Y x)) = Mo(Yyr). By that we have said above, one can define
U, as the unique vector vy, (w € Wy) such that w(A;) = wt(m). Then {vy,|m € Mo(Ye i)}
is a basis of Vj(Y, ). Furthermore as the weight subspaces and the ¢-weight subspaces of
Vo(Yer) coincide and are of dimension one, vy, is also an f-weight vector of ¢-weight m for
all m € Mo(Yyr).

We determine the action of Z/{(;L(sAlnH) on this basis. Fix m € My, (Yyy). For all
i € Iy, we have wt(m)(h;) = 0,£1. Assume that wt(m)(h;) = 0. Then on the one hand
xfo - U, = 0 by definition of the family {vy }wew,. And on the other hand é; - m = 0 and
fi -m = 0 by the description of the crystal Mo(Ye ) recalled above. Now assume that
wt(m)(h;) = £1. The vector S;(vi) = @ - vy, is of the form v, with m' € Mo(Yyx)
such that

wt(m’) = s;(wt(m)) = wt(m) F a;.

But the description of Mg(Yr ) shows that the unique monomial of weight wt(m) F «; is
fi-m (resp. & -m). Hence m’ is equal to f; -m (resp. €;-m). Finally we have shown that
for all i € Iy and m € My(Yoz),

+ o -
T Um = Vgm and Tig Um = Vf -
O

In particular, the action of Uq(sAlnH)’ on the fundamental modules V(Yy ) is deter-
mined by the combinatorics of monomial crystals Mo(Yy;): in fact, the action of operators
xffr (1 <i<n,r€Z)deduces from the action of the xfo (given by Mo(Y,)) and the
action of h;, (given by the f-weights m € Mo (Yy)) from .

Let us begin the construction of extremal fundamental loop weight modules. Assume
that n = 2r + 1 is odd and ¢ < r 4 1 (the case £ > r + 1 is discussed below at Remark
. Consider the monomial Uq(§1n+1)—crystal M(ew‘Yg,OYO_el), supposed to be closed.
This is the case if and only if f=1or { =7r+1 (Theorem. Set p=n+1lorp=2
respectively.

Denote by &£ (resp. & for 0 < j < n and k € Z) the set of monomials occurring

in M (e Yi0Yg ') (resp. in (7,-5)" (M, (Yersy¥iihy)) = My, (VergomnYiih o)) BY
(2.3), one has £ = | |;,cz &k for all 0 < j < n.
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Let
V(e™Y0Yy,) = €D Com (2.4)
me&
be the vector space freely generated by elements of £. For all 0 < j < n and k € Z
set Vk(]) = @Dee,, Cvm the subspace of V(eWYMYOTKI) of dimension dim(Vp(Ar)). In
particular, we have '
V(ewzn,OYE)jgl) — @ Vk(])
keZ
This decomposition can be compared to the equalities of crystals (2.3)).
We endow the vector space V(e®¢Y; oY, ') with a structure of UL (sller ) )-module as
follows (0 < j < n): for all k € Z, let (vy) be the basis of the UL (sli]|)-module
Vo(Yej1+1p)9) defined in Proposition indexed by the set of monomials

=j -1 =j —1
= (ij (Y€+j,j+kpyj,é+j+kp)) = {:j (m)m € Mlj(ye+j7j+kpyj,f+j+kp)} :
Let us define an isomorphism of vector spaces between Vk(j ) and %(}Q7j+kp)(j) by

Vk(j) — ‘/E)(Yz,j+kp)(j)

Um, —> V=i (m)

We endow the vector space Vk(j ) with a structure of U J (slfﬁl)—module by pulling back the
action of UM (sli%;) on Vo(Yejip)Y). By direct sum, V(ewYé,gYOj) is a

UL (sller ) )-module, denoted by V(eWYKOYOTZI)(j).

Proposition 2.3.4. There exists a structure of Uy(sltl,)-module on V (e¥¢Y; Yy ,') such
that for all j € I the induced UL (sl )-module is isomorphic to V(eWYg,OYO}l)(j). Fur-
thermore the q—character of V(e®tY; oYy ') is

Xg(V(e™ YY) = > m,
meé€

where & s the set of the monomials occurring in M(ewé}/}g70%}l).

Proof. To define an action of Uy (sl ;) on V(ewﬁ}/'g,o}/(;él), we determine the action of
the subalgebras U; for all i € I. For that, let j € I be such that j # i. The action of
U; on V(eng,OYO}l) is the restriction of the action of U7 (slf]) on V(ewag,OYOjel)(j).
Furthermore we set for all h € h and m € ./\/l(ewag,oYOTgl),

wt(m) (h)

kn-vm =q U

The definition of the action of ¢ (i € I) is independent of the choice of j € I,
j # i: for m € &, the action of Ll;”j(slfﬁ;l) on the vector v, is determined by the sub-
Ij-crystal My, (m) of M(e®* Yg’OYOTgl) and by the (-weight Z7(m). So the action of I; on
U is determined by the action of & and f; on m and by the (-weight =;(m) which are
independent of the choice of j.

Let us show that this action endows V(e™* Yg’OYOT;) with a structure of
Uy (slt7 1 )-module. We fix two indices i1,is € I and we check the relations satisfied by U,
and L?iQ. The indices i1 and 42 are in the same connected subset I; of the set of vertices of
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the Dynkin diagram (5 € I). By construction, the action of Z/Alz-l and Z/Ali2 are restrictions of
the action of U™ (slf{’j{) on V(f:’w‘ng,OYOTel). As V(ewYZ,OYOjgl)(]) is a U7 (sl )-module,
the relations between U;, and U;, are satisfied and V(e®¢Y; oY, /') is a Uy(sIL7 | )-module.

By construction, the induced M;”j (slﬁﬂgl)—module obtained from V(ewag,oYoj) by re-
striction is isomorphic to V (e®* YKOYO_;)(J) for all j € I. Furthermore the /-weight of vy,
is Z;(m) for the action of & (i € I). So m is the f-weight of v,, and the ¢ character
of V(ewag,oYO_gl) is the sum of monomials occurring in M (e®* YMYO_EI) with multiplicity
one. U

Remark 2.3.5. Let us consider the case £ > r + 1. The monomial crystal
M(ew’ZY&OYOTan%) is closed for £ = n. We show in the same way as above that there
exists also a Uy (slEL)-module V (e=n YmoYojll) whose q—character is the sum of monomials
occurring in M(e®" anoY(')’_ll) with multiplicity one.

Actually this Uq(slfﬁl)—module is related to the previous one for £ =1 as follows. We

have defined an automorphism v of the Dynkin diagram of type AS). It induces an algebra
automorphism ofuq(sl,tﬂl) we still denote ¢, which sends :L';tr, Nim, kn to wii),r’ yiy,ms K ()
(i € I,r € Zym € Z — {0},h € b). Let us denote by V(ew”YmoY(ﬁl)L the
Uy (sI27 1 )-module obtained from V(ew”Yn,OY(ﬁl) by twisting the action by . Then we

show easily that V(ew"YmoY(')fll)L and V(ewlYLoY(';ll) are isomorphic.
2.3.2 Study of the extremal fundamental loop weight modules

In this section, we study the Uy (sl%7;)-modules V(eWY'&OYOTdIZ), where n = 2r 4+ 1 is

supposed to be odd and £ =1,nor £ =r+1. We set p=n+ 1 or p = 2 respectively.

Proposition 2.3.6. The Uy (sl )-module V(eng’OYOleZ) is integrable. Moreover, it
satisfies properties (iii) and (iv) of Remark[1.3.3 with weight subspaces of dimension one.

Proof. Assume first that £ = 1,r + 1. The g—character of V(GWYE,OYOT;) is known: this

is the sum of monomials occurring in M(e¥¢Y; Yy ,') with multiplicity one. Furthermore
one has the equality of Iy-crystals

M(e™Yi0Y5) = [ (7 -5)F (Muy (€7 Ve0Y5,)) -
keZ
For all m € ./\/ljo(eWYg,gYOTel) and k € Z, wt((1p_s)*(m)) = wt(m) — k. So to prove
that the weight spaces of V (e™* Yé,OYo,_el) are of dimension one, we have to show that the

weights of monomials occurring in M, (e¥¢Y; Yy ;') are different to each other. More
precisely, it is sufficient to show that the sum

Z e (wt(EO(m))) € @ Ze(v)

meMip, (ew[Yz,oYOTgl) veh

is without multiplicity. This follows from the above results: it is the character of the
Uy(slp41)-module V(Ay).
For all j € I, the representation V (e®* Y'&O}/()Tel) is completely reducible as a U J (sltory)-
module and we have
V(€™ YioYy DY = P Vo(Yejup) ). (2.5)
PEZL
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As the representations Vp(Yyjtkp) are all integrable, it holds for V(ew‘ZYé,OYOTKI). Fur-

thermore V (e™* Y&OYOQI) satisfies the stronger property (iv) of Remark E in fact the
representations V(Y j4kp) are all isomorphic as Uy (sl,+1)-modules and satisfy property
(iv). Hence we have V (€¢Y; oYy ) vt Na; = {0} for allv € P, i € I, N >> 0.

Finally, the case £ = n is deduced from the case £ = 1 by the -twisted automorphism

0. O

Theorem 2.3.7. The Uy(slt],)-module V(ew‘Yg,OYOleE) is an extremal loop weight module

generated by the vector vy, -1 of l-weight ew‘Yf,o%_dl['
:0%0,d, T

Proof. We treat the case £ = 1,7 4+ 1 (the case £ = n can be deduced from ¢ = 1 by using
¥). The formulas (2.5) imply immediately the third point of Definition The first
two points are consequences of the following lemmas. ]

Lemma 2.3.8. Let M’ be a suqu(§Zn+1)—crystal of M. Assume that V is a
Uy (sl 11)-module with basis (Vm)mem satisfying

wt(vp,) = wt(m), (:E;r)(k) UV, =

et ond (@) *) v =vp (2.6)

for allm € M';i € T and k € N, where vy = 0 by convention. If the monomial m is
extremal of weight A, then the vector vy, is an extremal vector of weight \. Furthermore
if the crystal M’ is connected, then the Z/Iq(glnﬂ)-module V is cyclic generated by any vy,
with m € M.

Proof. Assume that m is extremal of weight A: there exists {my, },ew such that myg = m
and

€ -my = 0 and (f;)*N ) .y, = My, (w) if wW(A)(hi) >0,
fi-my =0 and (&) M) ., = Mg, (wy if w(A)(hi) < 0.

For all w € W, set vy = vp,,. By (2.6) and (3.8), {vw }wew satisfies v;qg = vy, and
o v, = 0if +w(\)(hy) > 0 and (¢F ) FNRD) Ly — Vs, (w)-

(2.7)

Hence the vector v,, is extremal of weight .

Assume that the crystal M’ is connected and fix m € M’. For m’ € M’, there exists
a product s of Kashiwara operators such that s(m) = m/. Consider the corresponding
operator S € Z/[q(SAln+1) at the level of V, i.e. S has the same expression as s where the
operators é¥ (resp. fF) are replaced by (z;7)*) (vesp. (x; )*)) in the product (k € N,i € I).

A

By 1' S(vm) = Vg(m) = Uy and the Uy(slpy1)-module V' is cyclic generated by vy,. [

Lemma 2.3.9. Assume that { = 1,7+1. The l-weight vector v =y, -1 € V(e® Y0y b
) 0,0 ’

is an extremal vector of weight wy for the action of Ug(slfﬁ_’l). Furthermore

-1 h
V(e Y0Yy, ) = Uy (slif1) - Vemey, oYy b

Proof. Let us begin to show that the basis (v,,) of V(ew‘fY&OYOTZl) introduced in 1)
satisfies properties . For all m € /\/l(ew‘ng,oYOTgl), U 18 an f-weight vector of /-
weight m and wt(v,,) = wt(m). Fix ¢ € I and let 7 € I be such that j # i. As a
Ug’j (slter)-module, V(ew‘ngonOQ}) is completely reducible (see ) and there exists
k € Z such that vy, € Vo(Ye4kp)9). As properties are satisfied in Vp(Ypj1xp)")
(Proposition , it holds on v, for i € I.

From there the result is a direct consequence of the above lemma and the fact that
e™t ng,o}/o}l is extremal in the connected crystal M (e®* YE,OY()jel) (Theorem . O
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Proposition 2.3.10. The Uy(slt)-module V(ew‘fYé,oYO’_dll) is irreducible. Furthermore

tor

it is simple as a U} (sltT ) -module and Res(V(ew‘v’Yg,onjdlg)) is isomorphic to V (wy).

Proof. Let V be a non trivial sub-U}(slfl})-module of V(engonO_dIZ). As the weight
spaces of V(ewén’oYO_dIZ) are all of dimension one, there exists m € ./\/l(ewag,oYO_dE) such
that v, € V. By Lemma Uy, generates V(ewag,OYOjdlz) and V = V(eng’OYOTdZ).
Hence V(ew4n7oi%jdt) is simple as a U (sl7 | )-module and as a Uy(slf] | )-module. Fur-

thermore, Res(V(eWYg,oYO_dt)) is an integrable Uq(§ln+1)—module generated by the ex-

tremal vector ersz,oYofjé of weight wy. Then by Theorem (1.4.7 Res(V(eweanOleZ)) is

isomorphic to V (wy). O

Some readers may expect from this result that the Uy (sli];)-module V(ewag,oYOlel)
can be obtained from the extremal weight module V (w,) by an evaluation morphism, but
this is not the case for the following reasons (which generalize arguments given in [Her09]):
Res(V(eWY}g’OYOlei)) is isomorphic to the U (sl,+1)-module V(wy). In particular,

Tp—s 2 V(@e) = V(@0), vm = vr, () For all m € M(e™¥20Y )

is & Uy(slyy1)"-automorphism of V(wy) (withp=n+1orp=2if £ =1,nor £ =r+1 re-
spectively). If V(e®t YmYojdll) is obtained from an evaluation morphism
Uy (sUEr) — Uk (s1E71), Tp,—5 should induce an automorphism of V(e®*Y, oYo_dl) But it
hiyfori e I andr € Z—{0}. In the same way,
V(e® [Yf,Oyo,dZ) can not be obtained from an evaluation morphism U (157 1) — UL (sIE ;)
(7 € I). In fact, V(ew‘Y@OYOdeZ) is completely reducible as a U (sliT | )-module and is a
direct sum of fundamental modules (see ) But it is a simple Uy (sl )-module.

does not commute with the action of the :15z e

Remark 2.3.11. Let us denote Uy(sli],)’ the quantum toroidal algebra without derivation
element, i.c. this is the subalgebra of Uy(slL) generated by xfr (iel,reZ),him (i€
I,m € Z —{0}) and ky, (h € Y Qh;). An automorphism U of Uy(sliT,) which ea-
changes vertical and horizontal quantum affine subalgebras is defined in [Mik99]. Denote
by V(BWYKVOYOT;Z)‘I’ the Uy (slt2] 1) -module obtained from V(ew‘ng’()YOlez) by twisting the
action by V. It would be interesting to determine if V(ew“H7QYOTdt)W s already known,
for example if it is of £-highest weight. Actually this is not the case: for the vertical quan-
tum affine subalgebra L{;’(slfﬁl)’, it is an integrable and cyclic module which is reducible.
Further as a Ug(slﬁf’il)’—module, it is completely reducible, direct sum of irreducible finite-
dimensional representations. So V(GWYZ,OYOTU}Z)\I/ cannot be an £-highest weight module or
an £-lowest weight module.

From now on, let Mj be a subcrystal of Mg over Uy(sl,+1) (resp. M’ subcrystal of
M over Uy(slp41)). Let us consider the vector space V with basis (vy,) indexed by the
vertices of M} (resp. M'). We define an action of Uy (slyt1)" (vesp. Uy(sl?1)) on V by
the following formulas

o v = g1,

i, Um Ve;-

oo vy = q< oM+

L gEs(@m)+1) _ +5(ps (m)—1) (2.8)
ids Um = q—q ( (a gi(m)g=*'Pi )vm,

kp-vm = th(m

with r € Z, s > 0,9 € Iy (resp. i € I) and h € ho (resp. h € h), and where vg = 0 by
convention. Note that p;(m) is well defined only if €;,(m) > 0 or equivalently if & - m # 0



60 CHAPTER 2. EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS

and ¢;(m) is well defined only if ¢;(m) > 0 or equivalently if f; - m # 0. Then, these
expressions make sense.

Theorem 2.3.12. (i) Set n € N*, 1 < ¢ < n. Assume that M{, = My(Yo). Then
formulas endow V with a structure of Uy(slyy1) -module isomorphic to the
fundamental module Vo(Yy ).

(i) Assume that n = 2r + 1 is odd and £ = 1,7 + 1,n. Set M' = ./\/l(ew@}/'gon()jdlﬁ).
Then formulas @) endow V' with a structure of Uy (sl |)-module isomorphic to
the extremal fundamental loop weight module V(ewﬂ/g’oYOjdlg).

Proof. The action of the horizontal quantum affine subalgebra and the action of the Cartan
subalgebra are known on the basis (U )me for the Uy (sln41)"-module Vi (Yy ) and for the
Uy (slE2] 1 )-module V(ewﬁ}fk,g}{{dle). From 1) it is straightforward to deduce the action
of the xiﬁr on these modules (r € Z). We obtain formulas 1) given only from the
corresponding monomial crystal. ]

Remark 2.3.13. In [Herll], the algebra Z/{q(gloo) is introduced as the quantum affinization
of Uy(slso). It is defined by the same generators and relations as in Definition with
the infinite Cartan matriz C = (C; ;)i jez such that

Cii=2, Ciiy1=-1, Cip1,=-1,C;; =0

ifi—j ¢ {—1,0,1}. The representation theory oqu(éloo) is similar to the one of Uy (sIt)):
the simple £-highest weight modules are parametrized by Drinfeld polynomials. In par-
ticular, the fundamental modules can be defined and they are the inductive limit of the
fundamental modules for the quantum affine algebra Uq(§Zn+1)’ when n — oo (see [Herll,
Theorem 3.8] and [Herlll, Proposition 3.11]). So, the previous results about the funda-
mental modules of L{q(sAlnH)’ extend directly to the case of the fundamental modules of

Uy(slso).

Remark 2.3.14. As we have said, relations between monomial crystals and the set of
monomials occurring in the q—character of representations are known and have com-
binatorial origin (see [Herll, [ANQ6, [Nak03]). The above results, in particular Theo-
rem give one way to better understand the representation theoretical meaning
of this narrow link expected in [HNO6/. In fact, formulas (@ hold for all the fun-
damental L{q(sAlnH)’-modules Vo(Ye i) and for all the extremal fundamental loop weight
Uy (sI27 1) -modules V<ewY€,0Y0Td1[)- Hence the knowledge of these representations is re-
duced to the one of the corresponding crystals Mo(Yy ) and M(ewag,OYOjdlz) respectively,
which is totally combinatorial.

Example 2.3.15. Assume that n = 3 and ¢ = 1. We study the extremal fundamental
loop weight module V(ewlYLoYOTll) for Uy (sl{"). Let us consider the monomial crystal

M(ewlYleofll). It is closed and p = 4 in this case. Using the notation introduced above,
& = Urez&or and we have

—1 -1 -1 —1
o0 = {eWIYLOYO,l Yoo, YaoYo g, Yo3Y5y } :

Eo i can be obtained from Eyo by applying Tik,—s. In the same way, we obtain E;j by
applying ¢4 to &o,0 . Then the q—character of the extremal fundamental loop weight
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module V(ewlYLoY(';ll) is

w —1\\ __ w1 —kd -1 -1 -1
Xq(V (€™ Y10Y51)) = D e Vi Yo g + Yo 04k Yioap + Y324048 Yo 5 a1
keZ

-1
+ Y0,34+4kY3 445

Furthermore the action is explicitly given by the crystal /\/l(ea”YLoYOjll) and by the for-
mulas (2.8). This module is already constructed in [Her09].

Remark 2.3.16. After this paper appeared on the arXiv, the constructions in [FJMM13]
were brought to our attention by H. Nakajima: some representations over the d-deformation
qud(slfﬁ:l) of the quantum toroidal algebra are obtained as quantum wversion of a mod-
ule over a Lie algebra of difference operators. They are called vector representations in
[FIMM13]. Our works give another way to define these representations. Actually let
w ot U(sltr) — Z/{qfl(slffjl) be the map sending xfr,h@m,kh to xfr,hi,m,kh
(t € I,m € Z,m € Z—{0},h € h). w extends to an isomorphism of algebras. For
u € C*, let [V(ewlYLoYofll)]u be the Uy(slter,)-module obtained from V(ewlYLOYOTll) by
twisting the action by t,,—1 ow. Then [V(ewlyLoYOTll)]u is isomorphic to a vector rep-
resentation where we specialized the parameter d at 1 (this representation is denoted by
V@ (u) in [FIMM13)).

Example 2.3.17. Assume that n = 3 and £ = 2. Let us study the extremal fundamental
loop weight module V(@wZYQ’O}/OT;) of Uy(slie™).  Consider the closed monomial crystal

M(erYQ,O}/OT21). In this case, p = 2 and we have

&o0 =

)

-1 -1 -1 -1

€2 Y2,0Y 2, Y1,1Y5 5 Y31Y55, Y11 Y53,

—1 y—1 -1 —1 .
Y3,1Y1,3 7Y1,3 Y2,2Y3,3 YO,% YQ,4 Y0,2

To describe all the monomials occurring in M(erYg,OYOTQl), it is sufficient to consider
only the sub-Iyq1y-crystal

Ya0Yos —o Yi1Ya, Va1Ygs — ViaViy
and to apply the O-twisted automorphism ¢ (Remark (2.2.2(). The q-character of
V(e®2Ya,0Yy, ) is

w9 —1\\ __ wo—kd -1 -1 -1
Xg(V(e™2Y20Y55)) = D e Yo 21 Yo a0k + Y1426 Y5 0 0p + ¥3,1426 Y 00
kEZ
1 1 —1
+ Y 3on Y3042k + Y3 04026 Y] 50k + Y 510k Y2242k

-1 —1
+ Y3,3+2kY0,2+2k + Y274+2/§Y0,2+2ka

and the action of Uy(sl{") on V(ea’?YZOYOT;) is explicitly given by the crystal
M(e™2Y5Yy ) and formulas .

2.3.3 Finite-dimensional representations at roots of unity

The existence of shift automorphisms for ./\/l(ewag’oYO_dlf) is related to finite-dimensional
representations of quantum toroidal algebras at roots of unity. We explain that in this
section.
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So assume that n = 2r + 1 is odd (r > 1) and ({ = 1,n) or ({ = r + 1). In this case
M(GWYB,OY&}Z) is closed and its automorphism z, has the special form of a shift 7_, s
with p =n + 1 or p = 2 respectively.

Set L > 1 and € a primitive (pL)-root of unity (we assume also that p # 2 or L > 1
in the following). Let U (sl ;)" be the algebra defined as Uy(sl') with e instead of ¢
(without divided powers and derivation element).

For N € N*, let iy« Z[Yiiieriez = ZIY,T i genyna

the variables Yflﬂ to Yziil (i € I,1 € Z). Set S¢ the image of a monomial set S by I',p).
Consider the monomial set £. By the existence of the shift automorphism 7_, s, we
have

be the map defined by sending

= L (s (En)o)

0<k<L-1
with j € I. One checks easily that & is closed.
By specializing the representations V (e®* Y&OYoidlg) at a root of unity €, we obtain

Theorem 2.3.18. Assume that € is a primitive (pL)-root of unity. There is an irreducible

Ue(slter,)'-module 1/(67353/}7()1/0;114)E of dimension L x n—; 1 such that

Xe(V (€™ Y0 4)e) = Y m.

me&

Furthermore there exists a basis (vy,) of V(ewe}/g,o}/o_dll)g indezed by E. such that the action
on it is given by

IE;FT, Uy, = er(pi(m)_l)véi.m’
:Z:i_,r “Um = er(qi(m”l)vf_,m

(ﬁijfis Uy = E(e—e ) (@i(m)ersatmtl) _ gi(m)eis(pi(m)*l)) O,
klj: . /Um — 6:|:(<Pi(m)_5i(m))vm

2.4 Extremal loop weight modules for non closed monomial
crystals

In this section, we still assume that n = 2r + 1 is odd and we discuss the case where
the considered monomial crystal M’ is not closed. It is not possible here to construct
an integrable module whose g—character is a sum of monomials occurring in M’. In
fact some monomials miss and we have to consider a larger closed monomial crystal M’
containing it. It is obtained from M’ by adding other monomial crystals. But its structure
is more complicated than M’ and it is difficult for us to construct systematically a possible
representation of Uy (sl ) associated to M.

So in this section, we propose to treat an example of such a construction. Assume
in the following that n = 3 and consider the crystal M(62w13ﬁ71§ﬁ7_1nf21%f01) which is
not closed. We determine a closed monomial crystal ﬂ(ele}ﬁlYl,_leleYOfol) containing
it and we construct a representation V(€2W1Y1,1Y17—1Y0T21Y0T01) of U,(sl??") such that its
g—character is the sum of monomials occurring in ﬂ(eleYmYL_lYOEYOTOl) with mul-
tiplicity one (Theorem . Furthermore we will see that V(€2W1Y1,1Y1,—1Y0T21Y0T01)
satisfies the definition of extremal loop weight module.
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In the first subsection, we study the crystal M(eleYLlYL_lYOjQIYOTOI) and we deter-
mine a closed monomial crystal M (et Y171Y17_1Y(521Y0T01) containing it.

The construction of the U, (sl{")-module V (e*@1 Y171Y17_1Y(521Y0T01) is done in the sec-
ond subsection. The process is the same as in the closed case: we consider the vector space
freely generated by the vertices m of M(ele}ﬁlYl,_lYOT;YO’_Ol) and we define an action
of Uy, (sl{’") by pasting together some finite-dimensional representations of the vertical
quantum affine subalgebras U7 (sI{") (j € I).

In the third subsection, we study the representation V(eleY171Y17_1Y07_21Ybfol): it
is an integrable representation of Uy (sl}°") which is thin and irreducible. Furthermore
V(eZwlYLlYL_lY(fQIY(;Ol) is an extremal loop weight module of /{-weight
€2w1 Yl,l}/l,fl}/()j21y()jol~

In the last subsection, we specialize ¢ at roots of unity e. We get finite-dimensional
representations of the quantum toroidal algebra U (sl{")'.

Remark 2.4.1. It could be interesting to construct other extremal fundamental loop weight
modules of £-weight 63“_“'51/@7()}/()_61 with 2 < £ < r in the same way. The first crystal

M(ew[YmYO_gl) which is not closed is obtained for n = 5 and { = 2. We are led to
consider the following closed crystal

M(e™Yo0Yg5 ) = M(e7Y2,0Y55) @& €D MM ™V1 1Y 146552 Yo gs)-
seN*

which contains M(€w2Y27[)Y07_21). The maps ¢ and 16 25 are automorphisms of it and the
Py -crystals M(er}/Q’OYbTQI)/(T&_Q(S) and ./\/l(62A1_55Y1,1Y17,1+65Y(521Y(5615)/(7’67_25) have
30 vertices and 36 vertices respectively.

The example we propose to treat in this section is simpler than the case of the extremal
fundamental loop weight modules and we focus only on this situation for the sake of clarity
and simplicity.

2.4.1 Study of the Uq(§l4)-crystal M(ezwl}ﬁ,liﬁrl)ﬂﬁ%ﬁ)

We refer to the Appendix for explicit descriptions of all the crystals considered in this
section (see also [Man12b]). Let us study the monomial crystal M (e?®1 Y171Y17_1Y0T21 Yofol):
the maps ¢ and 74 _os are automorphisms of M(62w1Y171Y1,_1Y(';21YO7_01). Furthermore
straightforward computations lead to the following result.

Proposition 2.4.2. (i) We have the equality of sets

3

M(EZ Y111, 155 Y50) = U (r-26)" | U May (Vg Yidg—145Y5 045 Y55)
kez J=0

(i) For all j € I, the monomial crystal M, (Y1+j,1+jyl+j,—1+j1/j,_21+j}/}7_jl) is Ij-q-closed.
More precisely, we have the bijection of monomial sets

= My (Vg Vi, -145Y 504 Y55 ) — M(Vo(Y1,145Y1,-145)9)

where Vo(Y1,145Y1,—145) is the simple {-highest weight representation of Uq(§l4)’ of
(-highest weight Y1 11;Y1 —145.
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(tit) For all j € I, the Ij-crystal M[j(Y1+j,1+jY1+j7_1+ij1 YY) is not g-closed: the

, 32+ Y5
monomial ¢](Y17_1Y37_51Y(';01Y0,4) occurs in this crystal, but it is not the case of

¢ (Y1,21Y55 Y50 You - Ao—1) = ¢ (Y15Y1,-1Y56 Yo, )-

Hence, we are led to consider the crystal M(62w1+5Y1,1Y17_5Y07_21Y0T_1 4) which is also not
closed. More generally we have to deal with all the monomial crystals
/\/l(ele+5‘5Y1,1Y1,,1,45Y0T21Y07__148) with s € N. We set

AAL 2 —1vy -1 2 ) —1yv—1
M1 Y11Y1,21Y5,5 Yo ) = P MY Y1 1455 Yo Las)-
seN

For all (k,s) € Z x N and j € I, denote by

- Mjlks the sub-I;-crystal of M (e2w1+55Y171Y17_1_45Y(;21 YOT_14S) generated by the mono-
mial ¢ TF (271 H0Y) 1Y) g4 Y5, Y L),

- ./\/ljzk,s the sub-I;-crystal of M (e2w1Jr“;‘5Y171Y'17_1_45Y0TQ1 Yb;l%,) generated by the mono-
mial ¢/ T4 (Y1 1Y) 1y 1 Yo 4 asYR)-

Proposition 2.4.3. (i) For all s € N and j € I, one has the equality of I;-crystals

201456 —1y-1 1 2
MOV 1Y, Yo L) = D (Mj,k,s ® Mj,k,s) :
keZ

(it) For allj eI, k€ Z and s > 1, the monomial crystal M; s = ./\/ljlzy,w @ M?,k,sfl is

I;-q-closed. More precisely, we have the bijection of monomial sets

= Mg — M (VO<Y1,1+j+4kY1,71+j+4k74s)(j))

where  Vo(Y114j44kY1,—14j+4k—4s) @5 the {-highest weight representation of
Uy(sla)" of L-highest weight Y1144 arY1,—11j+4k—4s-

The proof of these statements is straightforward. As a consequence of these results, we
have

Corollary 2.4.4. The monomial crystal M(e*®! Y171Y1,_1Y07_21YOTOI) is closed.

Proposition 2.4.5. ﬂ(eleYljlYl,_lYo’_QlYOTOl) 18 a monomial realization of the P-crystal
B(2wy). Furthermore, the monomials My = e2w1+55}/171Y1,_1_4SY07_21Y&_145 are extremal of
weight 2wy + 50 (s € N).

Proof. The monomial crystal M(eleYﬁlYOTf) is isomorphic to the connected component
of B(2w) generated by v, [HNO6L Proposition 3.1]. One checks that the map

2001 456 1yl 2112 12
MYV 1245 Y5 Yo ag) — M(EET YY)

which sends the monomial M; to the extremal element €% Y1271Y0TQ2 is an isomorphism of
P.-crystals for all s € N. Then the result is a direct consequence of the description of the
crystal B(2w) given in [BNO04]: all the connected components of B(2w;) are isomorphic
to each other modulo shift of weight by 4. O
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2.4.2 Construction of the U, (sl}")-module V(e**'Y11Y; 1Yy, Yoo )-

Let us give the main result of this section.

Theorem 2.4.6. There exists a thin representation of Uy(sl{’") whose q—character is the
sum of monomials occurring in ﬂ(62w1Y1,13ﬁ7,1}/()T211/'0T01) with multiplicity one. It is
denoted by V(e Y11Y1, 1Yy, Y5 ).-

The construction of V (&2 Y1,1Y1,_1Y07_21 YOTOI) is analogous to the one of V(eWYAOYO_;)
in Theorem [231}  we paste together the finite-dimensional representations
VoY1 14 44k Y1~ 14j44) 9 and Vo(Y1 1444k Y1 —14j44k-15)9) of UV (sl with j € 1,
k € Z and s € N*.

Let us begin by recalling some well-known facts about the Kirillov-Reshetikhin mod-
ule Vo(Z0(M)) over Uy(sly)" with M = ele}/mYl,,lY(leYojol. It is irreducible as a
U, (slg)-module, isomorphic to Vp(2A;). In particular, Vo(Z°(M)) is an extremal weight
module of extremal weight 2A; and there exist vectors vy, () (j =0,...,3) such that vy,
is an (-highest weight vector of V5 (Z°(M)) and

(xz_’o)(z) “Vgi=1(M) = Vgi(M) fori=1,...,3,
(1‘:':0)(2) . U¢1(M) = Ugbi_l(M) fOI' 7 = 1, . ,37

a:ii,o “vgi(vy = 0 in the other cases.

Set

Vf . = T10 UMy Vg, f oy = T 0T10 " UM VR F oy = T30%2,0T1,0 T UM
Vpp(M) "= T2,0 " Yo(M)> Vi fo.p(M) “= T3,072,0 V(M)

Vfs.g2(M) *= T30 " Vg2(M)-

These vectors form a basis (v,,) of Vo(E°(M)), indexed by the monomials occurring in
M, (M). Furthermore for all m € My, (M), vy, is an f~weight vector of f-weight Z%(m).

The other finite-dimensional representations of Uq(§l4)’ we have to consider are
Vo(EO(My)) with M, = @40y 1Y) 1Y, Y5 Yy, and s € N*. The following two
points are well-known:

(i) Vo(E°(Ms,)) is an irreducible U, (sl4)-module isomorphic to Vo(Y1.1) @ Vo(Yi,—1-4s),
(ii) Res(Vo(E°(M;))) is a completely reducible U,(sls)-module isomorphic to
Vo(2A1) @ Vo(Az).

Furthermore there exist vectors vy s,y (j = 0,...,3) such that vy, is an (-highest weight
vector of Vo(Z°(M;)) and

(1‘7:0)(2) . ’U(bifl(MS) = U¢i(Ms) fOI‘ 7= 1, Ce ,3,
(.’Exo)(2) . ’U(z)i(Ms) = U¢i—1(Ms) fOI' 7= ]., e ,3,

xfo “Vgi(m,) = 0 in the other cases.

To complete this family of vectors to a basis of Vo(Z°(Mj)), the following example is used.



66 CHAPTER 2. EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS

Example 2.4.7. Let a,b € Z be such that a % b and a # b+ 2. Consider the
U, (sl2)'-module V(Y1 ,,Y1). This module was already studied in [Her1()]. We have

Xg(Vo(Y1,aY10)) = Y1,uY1p + Y17aY1,_b1+2 + Y1,_a1+2Y1,b + Yl,_a1+2Y1,_bl+2-
In particular, it was shown that there exists a basis

VY, Vi, Uy—1 v —1 L, Uy —1 —1
{mavi LEWHT SR L SWD SR LINS SIS Sy

where the action of the Drinfeld generators on it is given by

+ _
Lr VY1 aY1p — 0,
b—1 _ _a+1 b+1 _ a—1
£ vy y . = q q @y, + q q ¢y .
r l,a¥1,b qb _ qa Y1,a+2Y1,b qb _ qa 1vaY1,b+27
+ _ et
Tr UY1T<11+2 Yip 9 UYa¥ip
— _ r(b+1)
L, * Uy —1 = Uy, —1 -1
r Yl,a+2Y11b q Yl,a+2Y1,b+27
+ . _ r(b+1)
Tro Uyviavh, T 4 WiaYip
- _ r(a+1)
T, -V -1 = Vy—1 —1
r Y17aY1,b+2 q Yl,a+2Y1,b+2’
b—1 a+1 b+1
l’+ * Uy —1 -1 = 7(] — 4 qr(bﬂ)v -1 + 7(1 —4 qr(a—i-l),u -1
r Yl,a+2Y1,b+2 qb — qa Yl,a+2Y1ab qb — qa YlvaYl,bJrZ,
T, - Uy—1 —1 =0
LS ST S ’

and with vy, of L-weight m for m = Y1 ,Y1p,... ’Y1Ta1+2Y1jb1+2' Note that the basis used in
[Her10] is renormalized here and we have

+\(2 _
y ! (g )( ) “Vy-1 oyl = VY .Y

—\(2) —
T VY Yy, = Uy—1
( 0) La®1,b Y, 1Lbt2 La+2¥1 42

1,a+2

As a # b=+ 2, it is well-known that the Uq(sAlg)’—module Vo(Y1,.Y1) is isomorphic to

Vo(Y1,0) @ Vo(Y1,5). Furthermore the Uy(sly)-module Res(Vo(Y1,.Y1)) is not irreducible,

but it is cyclic generated by one of vectors UYl,aY{lerz or UY1T(11+2Y1,b'

Set M! = Yi3'V1_1-4sY22Y5 Yy, and M2 = Y11V}, Yo 4Yy,. Let vy and
vprz € Vo(EO(M)) of f-weight M, and M? respectively, be such that

—2—4s _ 4 —4s 2

T VM. = v+
1,0 1 M 1=
R e B T e

Set
Ufpy = Ta0 " UMY, Ufsfo-My = T30%T2,0 " UMY
with v = 1, 2. In the same way, one can define V(M) Uy (M) and vgz(pruy for u =1,2.

We check that these vectors form a basis (v,,) of Vo(E°(Mjy)), indexed by the monomials
occurring in Mg 5. Moreover vy, is an f-weight vector of /-weight Z9%(m) for all m.

By twisting the action of Uq(§l4)’ on Vo(Y1,1Y1,-1) and Vo(Y11Y1 —1-45) by 09 and ¢,
for some b € C*, we obtain for all j € I,k € Z and s € N*
— the YUY (sI{")-modules Vo(Y114i141Y1 —14j+4x)%) which we call modules of type KR
below,
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— the L{;’j(sli‘”)-modules Vg(Y1,1+j+4kY17,1+j+4k,4s)(j) which we call modules of type
s-TP below. The modules of type s-TP for various s € N* are called modules of
type TP.

From the construction done above, we get bases (v,,) of these modules indexed by the
monomial crystals M, (¢ ik (YLlYL,lY(;QlYOTOl)) (resp. M s) with analogous proper-
ties as the previous ones. In particular, the action on a vector v,, is completely determined
by the action of the horizontal quantum affine subalgebra on it and by its ¢-weight m.

Let us begin the construction of the U, (sly")-module V(ezwl}ﬁ,lYL,lYOTQIYojol). De-
note by £ the set of monomials occurring in ﬂ(ezwl}ﬁ’lYL_lYOTQlejol) and for all j € I,

ke€Zand s € N, & o (resp. Sj,k,s) the set of monomials corresponding to ,/\/lj1,7k70 (resp.
M 1.s). We have for all 0 < j < 3,

£ = |_| gj’k’() L |_| gj,k,s'
kEZ keZ,seN*
Let
V(e Y1111, Yo,0) = €D Com
me€
be the vector space freely generated by £&. For 0 < j < 3, k € Z and s € N*, set
VP = @pee, , o Com (resp. V) = @,ce,,  Cop). Then for all 0 < j < 3,
V(e Y el =PVl e @ Vk(,‘i)~
keZ keZ,seN*

For all j € I, we endow V(&% Y1,1Y17,1Y0T21Y0T()1) with a structure of Ug’j(slffr)—module
as follows: for k € Z and s € N*, the vector space Vk(j ) (resp. Vk(];)) is isomorphic to

%(K,1+j+4ky1,—1+j+4@)(j) (resp. %(Y1,1+j+4kY1,—1+j+4k—4s)(j)) by identifying the corre-

sponding bases. So Vk(j ) (resp. Vk(’js)) is endowed with a structure of 227 (sl{’")-module, and

V(e*1Y11Y1,-1Y; 5 Yy ) also by direct sum. We denote it by V(e*¥1Y11Yy, 1Y, Y5 o)W

Proposition 2.4.8. There exists a Uy (sl{")-module structure on V(ele}ﬁ,lYL,lY(fle(fol)
such that for all 7 € I the induced L{;’j(slfﬂl)—module is isomorphic to
V(eleY171Y17_1Y0T21Y0’_01)(j). Furthermore the g—character of V(62w1H71H7_1Y(;21Y(501) 18

Xe(V(e2Y11Y1 1Y, Y 0)) = DY m,
me€

where & is the set of monomials occurring in M(e2w1Y171Y17_1Y0_21Y0_01).

Proof. The process is the same as in Theorem to define an action of Uy(sl{"), we
determine the action of the subalgebras U; for all i € I. For that, let j € I be such that
j # 1. Then the action of U; on V(eleYLlYl,_lYO}lY(fol) is the restriction of the action of
UL (1) on V (2™ Y1,1H7,1%T21%T01)(j). We check that this is independent of the choice
of j # 1.
Let us show that this action endows V(eleYMYL,lYOT;YOjOl) with a structure of
Uy (sli")-module. For that, we have to distinguish two types of monomials:
— the m such that there is no s,s’ € N with s # s’ and m € &1, N Ej ¢ for some
0 <j,7 <3 and k,k' € Z. For such a monomial, the defined action on v,, comes
from the same type of modules, i.e. only of modules of type KR or only on modules
of type s-TP for one s € N*
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— the m such that there is 5,5’ € N with s # s and m € & N Ejr p o for some
0 <j,7 <3andk,k' € Z. For such a monomial, the defined action on v,, comes
from two different types of modules, i.e. of modules of type KR and of type TP or

of modules of type s-TP and of type s'-TP with s # s'.
For the first ones, the same process as in Theorem m (using promotion operator) im-
plies that the defining relations of U, (sl}°") hold on it. For the other ones, this is more
complicated. Such a monomial is of the form m = ¢j+4k(Yl,,1,4SY};51YO,4YOj_14S) with
0<j<3,keZ, se N Promotion operator implies some relations on v,, but not all
and we check directly that they are satisfied. We do not detail the calculations here. [

2.4.3 Study of the U,(sli"")-module V(e**1Y7 Y1 1Y, Yog)
Proposition 2.4.9. The Uy(sl}")-module V(e2w1Y1,1Y17,1Y0T21Y(501) is integrable. More-
over, it satisfies property (iv) of Remark[1.5.5
Proof. For all j € I, V(62w1Y1,13ﬁ7,1}/()T211/0T01) is completely reducible as a L{;”j(slf{)jl)—
module and we have
V(YY1 Y Y)W = @B VoViarj a1 14j4a6-a5)). (2.9)
seNkEZ

The representations occurring in the direct sum at the right hand side are integrable.
Hence V(eleYLlYL_lY(;QI YO’_OI) is an integrable Uy (sl )-module. Furthermore the mod-
ules of type KR (resp. of type TP) are all isomorphic as U,(sly)-modules and satisfy
property (iv) of Remark Then, it holds for V (e?*1 Y1,1Y1,—1Y0T21Y(f01), ie.

V(€™ Y11Y1,1Y52 Y0 Jv+Na, = {0} for all v € Pi € I, N >> 0.
O

Remark 2.4.10. The weight spaces of V(ele}ﬁ,l}ﬁ’,l%TQlYojol) are infinite-dimensional
and property (iii) of Remark does not hold. However its £-weight spaces are all of
dimension one.

The main result of this section is the following.

Theorem 2.4.11. Set M = €2w1Y171Y17_1}/0T21Y07_01. The representation V(M) is an ex-
tremal loop weight module generated by the vector vy of £-weight M .

Proof. The third point of Definition is a consequence of (2.9). For the first two
points, we use the following results. ]

Lemma 2.4.12. Let V be a Uy(slyy1)-module with basis (vy)merr indezed by a subcrystal
M’ of M. Assume that M € M’ is extremal of weight wt(M) and for all i € I and
meW . -M,

wt(vp,) = wt(m), xli vy =0 and (x;TF)(th(m)(h")) “Um = Vgy(m) f E wt(m)(h;) > 0.
Then vyr is an extremal vector of weight wt(M).
Proof. The proof is analogue to the one of Lemma [2.3.§ O

Corollary 2.4.13. Set M, = 62“’1*55Y1,1YL_1_43Y(521Y07__148 (s € N). Then vy, is an
extremal vector of V(e2w1Y171Y1,_1YOT21Y0’_01) of weight 2wy + s for the horizontal quantum
affine subalgebra UL (sI{").
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Proof. By construction of the basis (vy,) of V(e2®! Y1,1Y17_1Y07_21Y(fol), we have wt(v,,) =
wt(m) for all m. Furthermore a monomial in W - Mj is of the form ¢/ T4 (M) with j € Iy
and k € Z and we have wt(¢/ 4% (M) = 24,41 — 2A; — 2kd,

+ )(2)

(:Ej,O . U¢j+4k(Ms) = Ud)j*l*‘““(Ms) = USj(¢j+4k(Ms))’
- 2
(@741,0)7 - vgirarar,) = Vgiriean(ar) = Vsy (it k(a0,)),
x;t “Ugi+ak(pr,y = 0 in the other cases.

Hence the hypotheses of the above lemma are satisfied and vy, is extremal of weight
2w + s6 for the horizontal quantum affine subalgebra Z/{é‘ (slier). O

Proposition 2.4.14. The representation V(62w1Y1,1H7_1%T21Y0T01) is cyclic as a
Ug(slio’")-module, generated by the vector v = I R e ST

Proof. Consider the sub—l/{g” (sl{°")-module V generated by v. By construction of the basis

(vm) of V(e*®Y11Y1 1Y 5 Yy), vm € V for all m € M(e?™1Y11Y1 1Y, Y5,). We

proceed by a recursive argument: assume that for one s € N, we have v,, € V for all
21 —t6 —1y,—1 . :

m € M(e?®1t YiaY11-aYgs Y(),—4t) with 0 < ¢t < s. In particular R S

is in V and by Example 2.4.7]

To U -1 -1 =0 _ —1y—1 .
0,0 Y1171,4SY3’5 Y074Y0,—4s e2w1 (S+1)6Y1,5Y17*1*45Y0,6 Y07_4S € V.

In the same way Uqﬁ’“(Yl,_1_4SY3T51Y0,4Y0f,14S) and ’U¢k(€2w17<5+1)5Y175Y17—1—43YOT61Y0T7145) are in V
for any k € Z. But all the v, with m € ./\/l(ele*(SJ“1)5Y175Y1’_1_43Y661Y0;145) can be
obtained from these vectors by action of Z/{g(slfﬂ): this is straightforward from Example

and the construction of the basis (vyy). O
Proposition 2.4.15. The Uy(sl}")-module V(e2w1Y1,1Y1,,1YOT;Y({01) 1s irreducible.

Proof. Let V be a non trivial sub-U,(sl{’")-module of V(e2w1Y1,1Y17,1Y(521Y(501). As the
f-weight spaces are of dimension one, there exists s € N and a monomial
m e /\/l(62“’1+5‘5Y171Y1’,1,43Y0T21Y0T_145) such that v, € V.

If s = 0, we have already shown in the above proof that V(eZwlY171Y1,_1Y(;21Y07_01) is
cyclic generated by v, and V = V(eleYLlYl’,lY(leYOjol). Assume that s € N*. By
Example and the construction of (vy,), there exists = € Z/{(? (sl{°") such that

T Um = veQW1+S(§Y1‘]‘Y1’7174SY0T21YOT—143‘

Furthermore U; - v 2F1H55Y] 11 -1 -4 Vg 2 Vg Ly is the simple ¢-highest weight {/;-module of

¢-highest weight Y11Y7 _1_45 and there exists y € U, (sl{’") such that

Yy Um = UY1,1Y1j11745Y27—48Y0T21
. -1 ~1 21 +(s—1)5 —1y—1 .
with Y11V 4 Yo —4sY5, € M (e YY1, 1-a4-1)Yo2 Y07_4(s_1)>. Repeating
this argument, one shows that the vector v TV 1Yh, 1V AV is in V. By the above
proposition we get V = V(62w1§/171}/17_1%j21%’_01). O
Proposition 2.4.16. The U,(sl4)-module Res(V(eleY171Y1,_1Y07_21Y0j01)) has a crystal
basis isomorphic to B(2w).
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Proof. Set K = C(q) with ¢ an indeterminate and let A be the subring of K consisting of
rational functions in K without pole at ¢ = 0. We normalize the basis (v,,) of the C(q)-
vector space V (e*@1 Y1,1Y17,1Y07_21Y0T01) as follows. For all m € M(eleYLIYL,lYOleYOTOI),
let w,, be the vector defined by

— Wy = %Um if there exists k € Z, s € N* such that

kr 2 ) -1y -1
m = ¢" (e OV11 Y1 1-4sY55 Yo 4s)s

— Wy = Uy, otherwise.

Set B = (wm)m and L = @,,, Aw,,. We check directly that (£, B) is a crystal basis
of the U, (sl4)-module Res(V (e2* Y1’1Y17_1Y07_21Y501)), isomorphic to B(2w;). We do not
detail the calculations. O

Remark 2.4.17. All these results suggest that Res(V(ezwlY1,1Y17,1Y07721Y()TOI)) is isomor-

phic to the extremal weight Uy(sly)-module V (2w1). One expects to prove such a result for
all the extremal loop weight modules constructed by the conjectural process given above.

2.4.4 Finite-dimensional representations at roots of unity

Set L > 1 and let € be a primitive (4L)-root of unity.
Denote by & the set of monomials occurring in M(62w1+55Y171Y1,_1_451/07_213/0;143) for
all s € N. Consider £’ the subset of £ defined by

&= 1] &

0<s<L—1

Let & and & be the images of the sets £ and £’ respectively by the map I'(4z): & is
a finite monomial set of cardinality 16L2.

Theorem 2.4.18. Assume that € is a primitive 4L-root of unity. There exists an irre-
ducible U, (s1") -module V. of dimension 16L? such that

Xe(Ve) = Z m.

meé&!

Proof. The main difficulty is to specialize ¢ at € in the L{;”j(sli"r)—modules of type TP.
In fact, these modules can be undefined or reducible after specialization. For better
understand these phenomena, let us study the specialized Ue(glg)’—module Vo(Y1,0Y1,0)e
with a,b € Z. This representation is well defined if a ¢ b+ 4LZ. Assume that in the
following and study Vo(Y1,4Y1p)e. If a ¢ b+ 2+ 4LZ, this representation is irreducible. If
a € b+ 2+ 4L7Z, it is not irreducible: in fact

. B
Ue(sl2) - WiaYip = (val’aylvb EB (CUY;alHYLb EB (C/UYITal+2Y1jb1+2
is an irreducible submodule of V5 (Y1,4Y1p)e.
By our study of the UE(sAlg)’—module Vo(Y1,4Y1)e, one can specialize g at € in the
defining relations of the action on the basis (v,,) of V (e2®1 Y1,1Y17,1Y07721Y0T()1). Moreover
one checks that

tor\/ —
Ue(sly™) Uiavi anYo Yo e T D Cum
meg—¢!
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is a sub-Ue(sl}°")'-module of V(eleY1,1Y17_1Y0T21Y0TOI)€. By taking the quotient, we obtain
a Ue(slt")-module
Ve = @ Cop,

me&’

which is irreducible: this is straightforward from the explicit formulas of the action. [






Chapter 3

Extremal loop weight modules and
tensor products for quantum
toroidal algebras

This chapter corresponds to the paper [Manl3al, preprint arXiv:1305.3481.

3.1 Motivations

3.1.1 Reminders about the extremal loop weight modules

We recall the notion of extremal loop weight modules for Uy (s ;).

Definition. (Definition An extremal loop weight module of Uy(slEL) of L-weight
m is an integrable representation V' such that there is v € Vi, satisfying
(i) UylslieTy) v =V,
(ii) v is extremal for Z/{g(slfﬁ:l),
(iii) UL (U7 ) - w is finite-dimensional for all w € V and j € I.
The main motivation of this definition is the construction of finite-dimensional repre-

sentations of the quantum toroidal algebras as in the theory of Kashiwara, but at roots of
unity in this case. We have obtained some results in this sense in Chapter 2. Let

dg =min(¢,n+1— /)

be the distance between the nodes 0 and ¢ in the Dynkin diagram of type A%l).

Theorem. (Theorem Theorem|2.3.7) Assume thatn = 2r+1 is odd and € = 1,7+1
or n. Then there exists an irreducible, thin extremal loop weight module of Uy (sl ) of

L-weight ewYmYofqldg. It is denoted by V(eWYg’lYO*qldl) and called extremal fundamental
loop weight module.

The representations V(eWYZleO_qld ,) are neither of (-highest weight nor of /-lowest

weight, and they are not in the category O.  Actually as a Z/{q(glnﬂ)—module,
Res(V(ew@Y&lY(']_qldf)) is isomorphic to the level 0 extremal fundamental weight module

V(wy¢). The action of Uy (sl ;) on these modules is explicitly given by formulas (2.8).



74 CHAPTER 3. EXTREMAL LOOP WEIGHT MODULES AND TENSOR PRODUCTS

Its construction is based on monomial realizations of level 0 extremal fundamental weight
crystals B(wy).
For a € C*, let us denote by V(engaYOjalqde) the U, (sl )-module obtained from

V(e®tYy, 1Y_1d 4) by twisting the action by the automorphism ¢,: they are also f-extremal
of (-weight eWYg aY 4 and satisfy the same properties.

Denote by U, (slfﬂl) the algebra defined as Uy (sl%7 ;) with e instead of ¢ (without
divided power and derivation element). When ¢ is specialized at a root of unity ¢ we

obtain finite-dimensional representations of U (sl% )’

Theorem. (Theorem Assume always that n=2r +1 (r > 1) is odd. Set £ =1,n
and p=mn+1 (resp. L =r+1 and p = 2). Denote by € a primitive [pL]-root of unity
with L > 1 (resp. L >1). Then there exists an irreducible Uc(sl?] ) -module, denoted by

Ve WYNLY qdl)g, of dimension L X ( " —g 1 >
Actually when ¢ = 1 or £ = n, the representations V(ewag,aYo’_alq) (a € C*) and
their specializations at roots of unity V (e®* Ygﬂijalq)e can be defined for all the quantum
tor

toroidal algebras U, (sl; 1) and not only when n is odd. Let us improve this point: consider
the monomial realization M(ewlYLlYOqu) of the level 0 extremal weight crystal B(wi) of

MQ(SAln—H)

— 0
oy oy yg ] ——M#2Awgﬁf2-—+ T PO YL

The vector space V(e®'Y], 1Y0*1) freely generated by these monomials can be endowed
with a structure of Uy (sl )-module by formulas . Let us denote by V(e®1Y] ,Y, aq)
the Uy (slter,)-module obtained by twisting the actlon by t, (a € C*). We show as in
Chapter 2 that it is an extremal loop weight module of ¢-weight ewlYLaY(;alq. The case
{ = n deduces from the previous one as follows. Let ¢ be the automorphism of the

Dynkin diagram of type AP such that t(k) = —k for all k € I (where [ is identified to
the set Z/(n + 1)Z). It defines an automorphism ¢y of h by sending h;,d to h,(),d for
all i € I. Furthermore it induces an algebra automorphism of Uy (sltr;) we still denote
t, which sends mw,hi,m,kh to xii),r’hb(i)vm’kbh(’l) (i € I,r € Z,m € Z —{0},h € b).
Then V(ew"Yn7alﬁJ7aq) can be obtained from V(ewlYLaYOTalq) by twisting the action on it
by ¢. In particular, V(e®"Y,, Yan
e Y0 Y 0y

With the same technical features, by using monomial realizations of the
U, (sl )-crystal B(2w1), we show

Proposition. (Theorem Theorem |2.4.11|, Theorem

(i) There exists an irreducible extremal loop weight U,(sly")-module of (-weight
eleYl,qYquYO_quijll. We denote it V(eleYl,qYquYo_qlebjll) in the following.

) is also an extremal loop weight module of ¢-weight

(ii) Assume that € is a primitive [4L]-root of unity (L > 1). There exists an irreducible
U (sI) -module V(eleYlquLq_lYOqu%jll)e of dimension [4L]?.

In the following, we denote by V (e2®! Y1,0Y7 aq-2 Y()Talqyoiaqul) the module obtained from
V(e*®1Y Y, 1Yy, 2YO I 1) by twisting the action by the automorphism tog—1 (a € C*): it

is also an extremal loop weight module of ¢-weight e?**1Y; Y] ag—2Y0. ano_aq
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3.1.2 Abstract

In this chapter, we construct new families of extremal loop weight modules for the
quantum toroidal algebras of type A as tensor products of simple ¢-highest weight modules
and simple ¢-lowest weight modules. This construction involves the Drinfeld “coproduct”
and related techniques [FJMM13], Her07]. In general, we conjecture that extremal loop
weight modules can be obtained by this process. We prove this conjecture in the following
case: we get extremal fundamental loop weight modules, also called specialized vector
representations, recently constructed by Feigin-Jimbo-Miwa-Mukhin [FIJMMI13] and the
author [Manl2c]. Eventually we define new extremal loop weight modules by tensor
products of extremal fundamental loop weight modules. By specializing the quantum
parameter, we obtain finite-dimensional modules at roots of unity for quantum toroidal
algebras.

3.1.3 Motivations

The extremal loop weight Uy (sl,4+1)-module V(X) (A € P) is closely related to the
tensor product of a simple highest weight module and a simple lowest weight module (see
[Kas94, Section 8.2]). More precisely, the tensor product

V) ® V()
of the Uq(§Zn+1)—modules V(A4) and V(A_) is considered in [Kas94] for the study of V(A),

where
Ar= > Ah)Ajand Ao =Xy — A€ Py
A(hi)>0

The construction of extremal loop weight Z/{q(slfﬁ:l)—modules done in this chapter is

inspired by the works of Kashiwara: we define the fusion product

V(EYE,) @ Ve )

0,aq%

of the simple /-highest weight module V (es) Y;,) and the simple £-lowest weight module

V(e*SAOYO_;qu) (s e N*, 1 < ¢ <nandaecC*). Our construction involves the Drinfeld
coproduct and related features, in the spirit of [FJMMI3| [Her07]. As in Chapter 2, the
main motivation is the construction of finite-dimensional representations of the quantum
toroidal algebras at roots of unity.

Some of modules we consider in Section 3.3 are already defined in [FJMMI13] for the
d-deformation U, 4(sl% ) of the quantum toroidal algebra. Let us point out that the
construction methods and the motivations are very different than ours: in fact vector
representations are defined in [FJMMI13] as the quantum version of a module over a Lie
algebra of difference operators. It is used to construct inter alia a family of Fock modules
of Uy 4(sltf,) (which are ¢-lowest weights with natural bases labelled by plane partitions)
by a semi-infinite wedge process. More precisely this construction consists in defining an
action of L{q,d(slﬁf_ﬁ) on the infinite tensor product of vector representations by inductive
limit. In our study of extremal loop weight modules in Chapter 2 and Chapter 3, we
consider the quantum toroidal algebras with one parameter of deformation (case d = 1).
The (specialized) vector representations are introduced in very different ways: by using
monomial realizations in Chapter 2, or in this chapter by fusion product of simple ¢-

highest weight modules and simple ¢-lowest weight modules. Furthermore our goal in this
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part is to give a process to construct extremal loop weight modules for general quantum
affinizations. But d-deformations of quantum toroidal algebras not of type A are not
known. It is the main reason why we work with Uy (sl’7) instead of its d-deformation.
Indeed we show in Chapter 4 and 5 that it is possible to use the features we develop in
Section 3.2 for other quantum affinizations, especially for the quantum toroidal algebra of

type Dy.

3.1.4 Summary of results

In this chapter we introduce a tensor product process to define new integrable
Uy (sl7 ;1 )-modules: using the Drinfeld coproduct, we construct the fusion product

V(eMYg,) @ V(e oy =)

0,aq
of the simple ¢-highest weight module V (es YZa) and the simple /-lowest weight module
V(e*SAOYOT;qdz) (seN* 1 </¢<nandacC.
Theorem. (Theorem[3.2.1) The coproduct Ap is well-defined on
VM) © Ve Y2 )

0,aq%

and it endows this tensor product with a structure of Uy(sltl,)-module.

Let v* (resp. v~) be the (-highest weight vector of V(eSAéYefa) (resp. the (-lowest
weight vector of V(e_SAOYO’_;qu)). Let us define the U, (sl%},)-module T(e*™tYF Y )

0,aq%
by
T(E7YPYy 2 0,) = Up(slitfy) -v S V(MY ) @ V(e ™Y, ).
with v = vT ® v~. The main motivation of considering such tensor products is the

construction of extremal loop weight modules for Z/{q(slfloll). But hypotheseson 1 </ <n
must be taken. In fact we have

Proposition. (Proposition|3.2.11) A necessary condition for v € T(esw‘-’YZaYOT:qde) to be

extremal for U (sIIT,) is that

(n is even and £ =1,n) or (n =2r +1 is odd and ¢ = 1,r + 1,n). (C)
If (C) is satisfied, we conjecture that we get extremal loop weight modules of Uy (sI%] ;).

Conjecture. (Conjecture Fiz a € C* and s € N* and assume that { satisfies (C).

Then, T(eisgfa Ojjqdf) is an extremal loop weight module of Uy(sliT,) generated by the

vector v of (-weight eswénfaYOTaSqdé. Further if s = 1, T(ewagﬂYOTalqdé) is isomorphic to
the extremal fundamental loop weight module V (e™* YMYO_alqd L)

We prove this conjecture when £ = 1,n and s = 1|H

Proposition. (Proposition Setl =1 orl =mn. ThelUy(sl¥l)-module T(eWYg,aYOTalq)
s an extremal loop weight module of (-weight eWYg,aYOfalq. It is isomorphic to the extremal
fundamental loop weight module V(eng’aYOjalq).

1. We also studied the case £ = 1 and s = 2 for Uy(sl}°"). The first computations done suggest that the
conjecture holds in this case. However it is quickly impossible to explicit the action of U, (sl5°"), because
of the growth of multiplicities in the involving ¢-weights.
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The representation V(ewlYLaY(')falq) is also called the (specialized) vector representation in
the following.

We consider the tensor product of k£ extremal fundamental loop weight modules asso-
ciated to wy with n, £ satisfying (C'), and when the spectral parameters are chosen generic.
Set pir =pn=n+1,and prp1 =2 if n=2r+ 1.

Theorem. (Theorem Theorem Assume that n and £ satisfy (C). Let
k€ N* ai,as9, - ,ar € C* be such that

@
ai- ¢ ¢ for all i < j.
j

Then the coproduct Ap endows the tensor product

Vé,al & w,ag Q- Vﬁ,ak

with a structure of irreducible representation of L{q(slfﬂ:l) which is £-extremal of £-weight

Yia, - .y&aky—l Yyl

0,a1q% 0,a19%"

We consider the case of tensor products of vector representations when the set of
spectral parameters form a g-segment. We get in this way another family of extremal loop
weight modules.

Proposition. (Proposition Set k € N* and a € C*. There exists a subvector space
Vl,a (’where a= {a7 aq*Q, ... ’aqu(kfl)}) Of

Vie® ‘/1,aq—2 K ‘Gyaq72(k71)

which can be endowed with a structure of Uy (sl )-module. Furthermore Vi 4 is irreducible
and C-extremal of (-weight

—1v—1 —1
YLQYVLaqu - Y'Laq—Q(k—l)YvOﬂquO’aq_l R Yl],aqu(klel .

In particular we recover the extremal loop weight U, (sl{")-module constructed in
Section 2.4.

Proposition. (Proposition 33%) The Uy (sli™)-modules V(e2w1Yl,aYLaquYOTaquO_alq,l)
and Vi {q,qq-2} are isomorphic.

We obtain also a new construction of the extremal fundamental loop weight modules.

Theorem. (Theorem Assume that n = 2r + 1 is odd (r > 1). The coproduct Ap

endows the tensor product
Vl,!l ® Vl,atf2 X ® Vl,aq*QT

with a Ug(sliT,)-module structure. Furthermore this representation is not irreducible, and
admits a submodule isomorphic to the extremal fundamental loop weight module V.1 qq-r—2.

By specializing the quantum parameter, we get new finite-dimensional representations
of the quantum toroidal algebras at roots of unity.
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Theorem. (Theorem Theorem Assume that n and € satisfy (C). Set L > 1
if ¢ =1,n (resp. L>1ifn=2r+1andl =1r+1). Let € be a primitive [p,L]-root of
unity and k € N* ay,as, -+ ,ar € C* such that

@
— ¢ 2L for all i < j.
Py

j

Then the coproduct Ap endows the tensor product

[VZ,al]s & [w,ag]s Q- [w,ak]e

with a structure of simple U(sltl,)'-module which is finite-dimensional of dimension

()]

An analogue result is also obtained for the tensor product of vector representations
when the set of spectral parameters forms a g-segment (Theorem (3.3.16]).

3.1.5 Organization

This chapter is organized as follows.

In Section 3.2 we introduce a tensor product process to define new integrable Uy (sIE7 )-
modules: we study tensor products of simple ¢-highest weight modules and simple ¢-lowest
weight modules associated respectively to the weights sAy and —sAg (s € N*,1 < ¢ <
n). We show that, for a particular choice of non-zero complex parameters, the action of
Uy (slt27 ) is well-defined on it (Theorem . We conjecture that we obtain in this way
an extremal loop weight module associated to the weight sw, = sAy — sAg if and only
if ¢ satisfies (C) (Conjecture [3.2.13). We prove the conjecture for s = 1 and ¢ = 1,n.
When /¢, s = 1, the module hence obtained is isomorphic to the extremal fundamental loop
weight module associated to the weight wy, also called specialized vector representation

(Proposition [3.2.16)).

Section 3.3 is devoted to the study of tensor products of specialized vector representa-
tions. When the non-zero complex parameters are generic, we check that the Uy (si%;)-
module hence obtained is an extremal loop weight module (Theorem . When the
non-zero complex parameters form a g-segment, we determine conditions for the action to
be well-defined (Proposition . We get extremal loop weight modules associated to a
multiple of the weight z; (Theorem and Proposition . Furthermore we recover
the extremal fundamental loop weight modules defined in [Manl2c| (Theorem .

In Section 3.4 we consider tensor products of extremal fundamental loop weight mod-
ules associated to the weight wy = Ay — Ag when n = 2r+ 1isodd and £ = r 4+ 1. We
determine when the action is well-defined on it (Proposition . When the non-zero
complex parameters are generic we show that the tensor product is an irreducible extremal

loop weight module (Theorem [3.4.3)).

3.2 Tensor product of /-highest weight modules and /-lowest
weight modules

In this section, we introduce a tensor product process to define new integrable modules

over the quantum toroidal algebra. We define a Uy (slt)-module structure on the tensor
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product of simple ¢-highest weight modules and simple /-lowest weight modules associated
to the weights sAy and —sAg respectively (s € N*,1 < ¢ < n). The main motivation for
considering such tensor products comes from Remark we expect to obtain other
extremal loop weight modules by this process. To do that we use the coproduct Ap. But
it involves infinite sums and it cannot endow every tensor product of ¢-highest weight
modules and (-lowest weight modules with a structure of Uy (sl%];)-module. In fact con-
vergence properties depend on the non-zero complex parameters defining the f-weight
modules. In particular, they have to satisfy restrictive conditions. For these reasons we

made the choice to consider the following tensor product in this section
A —sAoy— .
V(e*Y7,) @ V(e ® OYO’:qd[) with 1 </ <n,a € C"and s > 1.

We will see that the convergence properties are well satisfied in this case, and that it is
a good candidate to obtain extremal loop weight modules. Let us note that the general
process we introduce in this section can be used to define new integrable modules in many
other situations (see also Remark thereupon).

In the first subsection, we show that the action of Uy (sl?';) on V (% Yéfa)®V(e*SA0Y_S )

O,aqdé
given by the coproduct Ap is well-defined (Theorem [3.2.1)).

In the second subsection, we consider the sub-Uy (s} | )-module

_ _ A —sAgr—
T(esmnfa%,;qde) = U, (sl%1) - (v+ Qv ) CV(e™MYS,)@V(e™ OYO’;qu)
where v (resp. v™) is the f-highest weight vector of V(eSAfYZG) (resp. the ¢-lowest weight
vector of V(e‘SAOYO_:qd ,)). We determine necessary conditions on ¢ for T'(e*7¢Y; Y ~* ;)

107 0,aq%

to be an extremal loop weight U, (sl!];)-module: it requires that

(l=1n)or (n=2r+1and { =r+1). (C)

We conjecture that in these cases T(eswagaYO_;qdé) is an extremal loop weight mod-
ule, and T(eWYg,aY(;alqd ,) is isomorphic to the extremal fundamental loop weight module
V(e®Y; Y, ) we defined in Part T (Conjecture [3.2.13).

0,aq%

We prove qthis conjecture for £ = 1,n and s = 1 in the last subsection (Proposition

3.2.16)). For ¢ = 1, the representations are also defined in [FJMMI13] for the algebra

Uy,a(slter ) and called vector representations. We obtain here a specialization at d = 1 of
them. For this reason we call V (e®! Yl,aYOjalq) the specialized vector representation.

3.2.1 Existence of the action on the tensor product

Let £ € Iy, a € C* and s € N*. Consider the tensor product V' (e* n‘fa)®V(e*5A0Y(')_;qd2)

of Uy (sl ;)-modules. Let us begin by the main result of this section.

Theorem 3.2.1. The coproduct Ap is well-defined on V(eSAfYZa) ® V(e*SAOYOT;qu) and

it endows this tensor product with a structure of Uy (sl )-module.

To prove this theorem, we need some intermediary results. Let us begin by the following
proposition.
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Proposition 3.2.2. [Her(7] Let V be a finite-dimensional Uy(slz)'-module and fiz m € Z.
There are finite numbers of C-linear operators Ag x,,--- , Fpa_ 1V =V (k >0, A\ € C¥)
such that for allT >0, s>1andv €V,

a:ImM = Z AiTkAk,M (v), xf’m_s S = Z )\stkBk)_ (v), (3.1)
k>0,); €C* k>0,1_€C*

Tl 0= 3 NPCrn, (v) 21 v= Y. AN Dy (v), (32

k>0,\; €C* kE>0,A_€C*
o= > NsEo (). oi_v= > ANFF, (v (3.3)
E>0,M 4 €C* E>0,A_€eC*

The proof of Proposition will be useful in the following. We recall it for the conve-
nience of the reader.

Proof. Let us begin by the following well-known identity (r € Z — {0}, m € Z)

[27]
[hl,r,.%'fm] -+ . qxme. (3.4)

Denote by p : Uy(slz) — End(V) the action and set

® : End(V) — End(V),® — [21]ad(h1,1).

Consider the Jordan decomposition ® = ®; 4+ ®5 of &, where ®; is diagonalizable, <1>~§ =0
for some S > 1 and @1 o Py = Py 0 ®4. By (3.4) we have for m > 0,

et =0 ptat) = 3 | @300 0060 = 3 3 |7 s

0<s<S AeC 0<s<S
where p(xfm) = Y rec dy is decomposed as a sum of eigenvectors of ®; such that ®1(dy) =
Ady. As [Z] is a polynomial in r, there exist linear operators Ay, : V' — V such that

xim_i_r ‘v = Z Z AR Ap , (v).

k>0 Ay €C

For s > 1 and the operators xfmfs, we have to replace ® by ¢’ = ﬁad(hlv_l). We obtain

the result for the z7 ,, in the same way, and for the gbfis by computing formulas for l’ii s
by —ad(z1,). O

Let us improve Proposition [3.2.2] For that we need the following well-known lemma.

Lemma 3.2.3. [FR99] Let V be a finite-dimensional Uy(sls)-module and
m = Y14, "‘Yl,akyfbll . --Yljbt an L-weight of V. with a1,--- ,ar, b1, -+ ,bp € C*. Denote
by A+ (m) the eigenvalue of the operators hy+1 on Vy,. Then we have

Z ol Z pEl

1<u<k 1<v<l
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Proposition 3.2.4. Let V' be a finite-dimensional Z/{q(glg)’-module. Then the C-linear

operators Ag ., -+, Fga_ occurring in formulas , and are non-zero only
if there exist m,m’ € M(V) (= the set of L-weights of V') such that

At = Ae(m) — AL (m)).

Proof. To prove this result, let us begin to note that in the proof of Proposition
the complex numbers A\ € C* for which the C-linear operators Ag ., -+, Fxr_ :V =V
(k > 0) are non-zero, are eigenvalues of & = ﬁad(hm) and ¢’ = ﬁad(hl,_l). So we
have to study the spectrum of the operators ad(hi,+1).

By a standard result of Lie algebras an eigenvalue Ay of ad(hq+1) is of the form
A+ = o — [+ with o, S+ eigenvalues of hy +1. So by Lemma the complex numbers

A+ we have to consider are of the form (m,m’ € M(V))
Ar = Ae(m) — Ap(m)).
]

Fix 1 < ¢ < n, a € C" s € N* and consider the simple ¢-highest weight
Uy (slt7 ;)-module V(eSA‘YZQ). For 0 < i < nand v € V(eSAZYZa)7 we consider the
finite-dimensional L?i-module W = Z/?Z - .

Let d : I x I — N be the map such that for all 0 < 4,j < n, d(i,7) is the natural
number defined by

1
0<di,j) < [”;L} and i = j +d(3,7) mod (n+1)

where [z] is the floor of the real number z.

Proposition 3.2.5. The C-linear operators Ag ., Cra,, Egx, (resp. Bpx_, Dix_,

Fy, x_) occurring in formulas , and for the U;-module W are non-zero only
if

Ay € ag™™? - (N + qZ[q)),

1 —1rpy,,—1
A€ W'(NJFQ Zlg~]).

Proof. By the last proposition, we have to study the ¢-weights of V(eSAfYéfa). The theory of
g—characters for the simple ¢-highest weight Uy (slf)-modules (see [FR99, Her05) Her(7,
Nak01]) shows that the highest integers k, [ such that variables Y; , .« and Y;_a}]l occur in
Xq(V(eSA@YZa)) are for k = d(i,¢) and | = d(i, ) + 2.

It remains to determine the positivity of the factors a*1¢=40 in \,. For that fix r € Z
and let us improve the decomposition p(a:;-fr) =2 a,ecdr, as eigenvectors of @ : W — W
used in the proof of Proposition (the proof is the same for A_ by considering ®’).
Actually a complex number A} occurring in this sum satisfies

Ar = A (m) = As(m)
where m,m’ € M(W) are such that (m;rr - W) N Wy # {0}. In fact this eigenvalue

corresponds to the commutator [h; 1, xfr] By the theory of g—characters, the power of the
indeterminate Y; ..« in m’ is higher than the one in m, and the other complex numbers

i,aq
b € C* such that Y;ibl occur in m or m/ satisfy b € ag?(:t)

7aq

14N Hence we have

At € ag?®Y (N + ¢Z[q)).

We treat the other cases in the same way. O
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Remark 3.2.6. Let us consider the simple (-lowest weight Uy (sltr)-module V (e~ Yo_asqf)
(1<{<n,aecC* secN*)and set 0 < i < n. For a vector v € V(e_SAOY(;;q[), we

consider the finite-dimensional Us-module W = U; - v. We show in the same way that the
C-linear operators Ay ., Crx,, Exa, (resp. Bra_,Dipa_, Fpa_) occurring in formulas

, and for the U;-module W are non-zero only if

At € ag™™ - (N +q7'Z[g ™)),
1
A€ aglh) (=N +qZ[g)).

Now we are able to prove Theorem [3.2.1]

Proof. We assume in the following that ¢ < [”T“] (the case ¢ > ["TH] is deduced from the
previous one by using the automorphism ¢ of U, (sl!f;)). We consider the tensor product

V(eMYg,) @ Ve )

with s € N*and a € C*. Fix 0 <4 < n, and set u = v ® w with v € V(eSA@YIfQ) and
w € V(e_SAOYO_;qe) (1 <¥¢<mn,acC* secN*). Consider the action of x; (z) on the

tensor product V(eSAZYZa) ® V(G_SAOYOT;(IZ)

v (2)-u = (zF(2)-v)@w+(¢; (2) v) @ (2] (2) - w).

We have to prove that at the right hand side, the last term which involves infinite sums is
in fact well-defined. Let us consider the term of degree m € Z in this sum. It is equal to

Y (i ) @ (@ w) = (K 0) @ (2, - w)
r>0

+ Z(¢Z—r ’ U) ® (xz—‘t_m—&-r ’ w)

r>1

As the two considered modules are integrable, we can apply the preceding results. With
notations used above, the infinite sum at the right hand side is equal to

> ) (Z ATATMM) Fya_(v) @ Apy, (w). (3.5)
E>0A_€C* 1>0,0,eC* \r>1
The infinite sum >, 3 A" )\irk” is a rational fraction on the variables Ay if and only if
A Ay £1
for all A1 occurring in 1) It holds for the tensor product V(GSAfYZa) @V (e~shoy s ).

ol 0,aq*
in fact by Proposition [3.2.5]

1 _ _ ; _ _
A_ € agdil (N+ ¢ 'Z[g7']) and Ay € ag?™?) . (=N + ¢ 'Z[¢7")).
As q is generic the produce A_ - Ay is different to one. Hence the coefficients of the series

z; (2) -u are well-defined. We proceed in the same way for the operators z; (z), 0 < i < n.
So by Lemma m V(eSAL’YZa) ® V(e sy =5 ) has a Uy (sllT | )-module structure. [

¥
0,aq*
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Remark 3.2.7. To define the Uy(slt|)-module structure on V(eSA‘nfa)(X)V(e*SAOl/()_:ng)
(1 <l<n,acC*seN*) the main step has been to study the L-weights of each z’nvo’lm'ng
module (or equivalently their q—character - see the proof of Proposition m Many other
Uy (sI27 1 )-modules can be constructed by the same technical feature. Let us give two other
examples.
— Let us consider the tensor product of Uy (sl )-modules (1 < ¢ <n,a € C*, s € N¥)
V(eSAZYZaqu) ® V(e_SAOYOT;qu_U) with u,v € N.

Then one can show (the proof is similar to the one of Theorem that Ap defines

a Uy (sIE2r1)-module structure on it.
— Another situation which could be interesting to study is the temsor product of

{-highest weight Kirillov-Reshetikhin modules and ¢-lowest weight Kirillov-Reshetikhin

modules. For example, let us consider the tensor product of Z/lq(slﬁfj’;l)—modules

V= V(eMY1Y141) ® V(e Y, LY.

The g—character of these modules is known in terms of tableauxr [Herll]. So one
can apply the technical feature we used above for this tensor product. But it is quite
more difficult than the one studied above. In fact, our study implies that the action
of Uy (Il ) is well-defined on almost all V. And for a finite number of vectors, a
direct computation has to be done. We do not detail the calculations here.

Remark 3.2.8. Our construction holds for all the quantum affinizations, in particular for
quantum toroidal algebras of other types. We expect to construct in this way new families
of extremal loop weight modules. We give an example of such construction in Chapter 5
for the quantum toroidal algebra of type Dy (Theorem .

Remark 3.2.9. We have explained above our motivations to work with Uy (sl ) instead

of its d-deformation Uy q(sItr ) (which is considered in [FJMMI3]). However it gives some
additional difficulties in our computations. In fact for Uq(slf{il), the fundamental modules
are not weighted in general (see [Her09, Section 4.1]) and we have to deal with general-
ized eigenspaces. The representation theory on/{q,d(slfﬁl) is very different: all the simple
£-highest weight modules are weighted. This is also the case for the representations con-
sidered in [EJMMI13] which are all thin. For tensor products of such representations,
necessary and sufficient conditions for Ap to define an action of Uq,d(slﬁﬂil) can be de-
termined. For these reasons, one can expect to improve Theorem in the Uy q(slt))

situation. We plan to discuss this point in a subsequent publication.

3.2.2 Study of the tensor product

Consider the tensor product of Uy (sl )-modules

V(eMYs,) @ V(e Y ,) with 1 <£<n,a€C" and s € N"

By using the coproduct Ap, it can be endowed with a Uy (sl?l;)-module structure (The-
orem [3.2.1)).

Proposition 3.2.10. The Uy(sli7,)-module V = V(eSAfnfa) ® V(e_SAOYOTaSqu) is inte-
grable and satisfies

Z/I;’j(slf[’ll) - 1s finite-dimensional for allu € V and j € 1.
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Proof. By Lemma V is l-integrable. In particular it is integrable. Furthermore
V(eSA’fYZQ) and V(e_SAOYO_;qdz) are extremal loop weight modules by Proposition [1.7.2

Then by Remark UL (sller) - u is finite-dimensional for all uw € V and j € I. O

Set vT (resp. v™) the ¢-highest weight vector of V(eSA‘ngfa) (resp. the (-lowest weight
vector of V(e‘SAOYOTaSqdl)). Then v = vt ® v~ is of f-weight eSWYEfGYOTaSqu. Let us define
the Uy (sl;f1)-module T(e*™¢Y7 Y ", ) by

0,aq®t
(™Y}, Yy 2 ) = UlSIT) 0 CV(ENYE,) @ Vie MY, ).

The main motivation of considering such tensor products is the construction of extremal

loop weight modules for Uy(slt). By the last proposition, T'(e*® styay(;:qd ,) is an inte-

grable Uy(sltor)-module which satisfies the first point and the third point of Definition

So it remains to show that v is extremal for the horizontal quantum affine subalge-
bra. For that hypotheses on 1 < ¢ < n must be taken. In fact we have

Proposition 3.2.11. Assume that
(n is even and £ # 1,n) or (n=2r + 1 is odd and { # 1,7+ 1,n).

Then v € T(esw@YgfaYO asng) is mot extremal for the horizontal quantum affine subalgebra.

To prove this result, the following identity will be useful

V(2)8(z/w) = y(w)d(z/w)

where §(2) = Y4z 2 and (2) is any rational function (it occurs also in [FIMMI3]). We
will often use it in the whole thesis.

Proof. One can assume that ¢ < ["7“] (we use the automorphism ¢ for the case

> [”T‘H} ). Let us show that v is not extremal for the horizontal quantum affine subal-
gebra under these hypotheses on ¢. By a direct computation, we check that for all ¢ €

and £ <t <n-—1,S;0---085y(v) is i-extremal and
Sno---oSg(v)e(C*-(Sno--~oSg(v+))®v_.

The vector w = Sy, 0 --- 0 Sy(v") is of ¢-weight Yfi1,annj;qn+2*fifoiaqn+l—f and w ® v~

is of f-weight Y;*17‘1‘1Yn_;q”+2*fYosaqn+1—zyo_a5q4' By hypothesis we have ¢"1372¢ #£ ¢ and

¢?~17" #£ 1. So we obtain

zio-w@ v =g ) 6(ag" " 2)  w @ (afy - vT) # 0,
oo w® v = 6(ag" )P T T (g - w) ® 0T £ 0.

Hence the vector w ® v~ is not 0-extremal, and v is not extremal for L{é‘(sl%‘il).

O

Remark 3.2.12. Note that the obstruction to do not have extremal loop weight modules
when
(l#1,n)or(n=2r+1oddand { #1,7r+1,n)

provides to the cyclicity of the Dynkin diagram of type A,(ll). For quantum affinizations

associated to Dynkin diagrams without cycle, we expect to obtain extremal loop weight
modules for all the nodes of the Dynkin diagram.
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So we have to assume that ¢ satisfies
(nisevenand £ =1,n)or (n=2r+1isodd and £ = 1,7+ 1,n). (C)

This hypothesis occurs in Chapter 2 for the construction of the extremal fundamental loop
weight Uy (sl )-modules V(ewfwya}%_azdz) (where we have to assume that n = 2r + 1 is

odd in addition) in the following way: its construction is based on monomial realizations
of the extremal fundamental weight U, (sl 1)-crystals B(woy). It is possible to associate
representations of Uq(slfﬁjl) to these monomial crystals only if they satisfy a combinatorial
condition providing to the theory of g—characters (recall that a monomial set which satisfies
this condition is called a closed monomial set). It holds if and only if / = 1,7 + 1 or n.
In these cases, the representations associated to the monomial realizations of B(wy) are

the extremal fundamental loop weight modules V (e™* YéﬂYOjalqd ,) of Uy(sli?). Here this

hypothesis reappears in a very different way for T(eSWYzaYOT;qd ,) which is a priori not
related to the theory of monomial crystals.

It remains to study the representations T(esw‘fYZaY(;;qd ) when ¢ satisfies (C). We

4
conjecture that

Conjecture 3.2.13. Fiz a € C* and s € N* and assume that ¢ satisfies (C). Then

T(esw(znfa)/(;;qde) is an extremal loop weight module ofuq(slﬁfj;l) generated by the vector v

of L-weight eSWYZGYOT;qu. Further if we assume in addition that s =1, T(eWY&aY_l )

0,aq%

1s isomorphic to the extremal fundamental loop weight module V(eng’aYO_alqde).

Remark 3.2.14. Via the coproduct Ap, we have also defined Uy(sIt},)-module structures
on the following tensor products (Remark .'

-V = V(eSA‘YZaqu) ® V(eiSAOYO_;quU) with 1 <f <n,a € C* s € N* and u,v € N,

~ Vo= V(MY 1) @ V(e Y LY.

When uw # 0 or v # 0, the Z/{q(slff_’;l)-module Vi is less interesting for our study
of extremal loop weight modules. In fact, let us keep the notation v (resp. v~) for
the £-highest weight vector (resp. the £-lowest weight vector) of V(eSAfo’aqu) (resp. of

V(e_SAOYOqudZ_v)). Then we check easily that if u # 0 or v # 0, the vector v =v" @ v~
1s mot extremal for the horizontal quantum affine subagebra.

For the Uy(sltr|)-module Vs, it is not obvious for the author to show that this tensor
product gives an extremal loop weight module. As in Conjecture[3.2.13, the main difficulty
is to compute the action of the quantum toroidal algebra on each component of the tensor

product.

3.2.3 Proof of Conjecture (3.2.13|for /{ =1,n and s =1

In this section we prove Conjecture [3.2.13|for £ = 1,7 and s = 1. To do that, let us

begin by improving the action of the quantum toroidal algebra Uy(slf;) on

T(e™Y1,0Yga,) C V(eMYia) @ V(e oYy L),

Proposition 3.2.15. The Uy(slt?)-module T = T(ewlYl,a%Talq) (a € C*) is thin and
satisfies
A1—Ao—kd -1 Ao—A1—ko -1
Xq(T) = Z (6 ! 0 }qyaqk("+l)%7aq1+k(n+l) +e ? ! Y27aq1+k(n+1)Y17aq2+k:(n+1)
keZ

Ao—An—ké -1
e }/O,an+1+k(n+1)Yn,aanrk(nJrl)) :
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Further there is a basis {vy -1 Yiez of T such that for all j € Z,

Y. i
j—1,aqd " Jraqt 1

wt (vy1 v ):AT—AT_l—kd with j=k(n+1)+r1<r<n+1.

j—1,aq) jraqi—1

The action on it is given by (i € I,j € 7)

+ —1
T (2) - vy— = 0.—0(aq’ " "2) - vy —
v ( ) i/j,ll’aqjij,aqul 7‘».7_1 ( q ) i/jil?‘aqj—lx/j—l,aqj*Z,
r; (2) - vy— = §.-0(aq’z) - vy
z( ) ijl1,aqjyjqaqj_l 1, ( q ) Yj,alqj+1yj+1,aqj’
w(aqu) Uy-1 oy ifi=7j,
j—1,aqd " J,aq?
O - agd T12)"1 v, ifi=7—1
o7 (2) ij_ll’aquj,aqul Y(agq ) Y Y f J )
Vy—1 otherwise.

j—1,aq7 jragi—1
The proof of Proposition [3.2.15]is given in Appendix B. As a direct consequence we have

Proposition 3.2.16. Set ¢ =1 or { =n. The Uy(sl7,)-module T(ewfwyaYOjalq) (a € C*)
s an extremal loop weight module of £-weight ewz}/g@yb;}q. It is isomorphic to the extremal
fundamental loop weight module V(eng,aYofalq).

Proof. Assume first that £ = 1. All the defining conditions of an extremal loop weight
module are clearly satisfied from the formulas given in the last proposition. So the only
thing we still have to prove is that T(ewlYlvaYojalq) and V(e™ Y17aY07_a1q) are isomorphic.
But the action of Uy(slf) on V(ewlYLa%jalq) is explicitly known (see Theorem
and it is the same as the one on T(ewlYLaYOTalq). The case ¢ = n follows by applying the
automorphism . O

Remark 3.2.17. Analogue representations are used in [FJMM13] for the deformed quan-
tum toroidal algebra Uq,d(SlZOlﬁ' They are defined as the quantum wversion of a module
over a Lie algebra of difference operators, and called vector representations. Actually the
modules V(ewlYljaYO’_alq) (a € C*) can be obtained from the vector representations by spe-
cialization at d = 1 (see Chapter 2). This is why we call them the specialized vector

representations of Ug(slt) ).

3.3 Tensor products of specialized vector representations

In this section we study tensor products of specialized vector representations
V(ewlYl,aYO’_alq) (a € C*). We obtain in this way new families of extremal loop weight
modules for Uy (sI27 ;).

The tensor product of two vector representations is also considered in [FJMM13] for
the d-deformation Uy q(slE ) of Uy(slif,): existence conditions of the action are given.

We recall these results in the first subsection for the specialized quantum toroidal algebra

Uy (U 1)-
In the second subsection we study the case of tensor products of k specialized vec-
tor representations with generic non-zero complex parameters aq,--- ,a; € C* (Theorem

3.3.2)): it is an irreducible extremal loop weight module of ¢-weight

kw1 -1 —1
e Yl,a1 ce Yl,ade,alq T Yd,aw'
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In the third subsection we are interested in tensor products of specialized vector repre-
sentations when the set of parameters forms a g-segment {a,aq2,--- ,aqg 2#=D} (k € N*,
a € C*): under existence conditions it is an extremal loop weight module with an irre-

ducible f-extremal quotient (Theorem and Proposition 3.3.7). When n = 3 and

k = 2 this quotient is isomorphic to the Z/{ (sl )-module V(e*¥1Y1 4Y] 44—2Y, ano alq 1)

we defined in Section 2.4. Eventually when n = 2r + 1 is odd and k = r 4 1, we recover
the extremal fundamental loop weight modules (Theorem [3.3.13)).

In the last subsection, we specialize g at roots of unity e. We obtain new irreducible

finite-dimensional representations of the quantum toroidal algebra U (st} ;).

3.3.1 Existence conditions of tensor products of vector representations

Let us consider the extremal fundamental loop weight Uy (It )-module V (™ Y1 Yy, alq)

(a € C¥), also called specialized vector representation. By Proposition it has
a basis {UY I }iez. Motivated by [HNO6G] and the theory of crystal bases of

—1 u.qJ J"'q] 1
Uy(slyi1)- modules, we set

l—v-1 for j € Z, a € C*,
Jaqfl

j—1,aqd

+ .
where we still use the index convention Y= +n 41+ = Yj,- In particular, we have

J+n+1 u = aanrl .

With these notations the Uy (sl )-module structure on V(ewlYLaYojalq) is for all i € I
and j € Z,

‘T;r(z)'a = 61_7 6(0,(]3 1) jflav
() [5] = Gsoladz) [l

Ylagiz)-[ i |, ifi =7,
o (2) -a = Ylagttz)7t ~a ifi=j5-1,
a otherwise.

Consider the tensor product

V(1 ])®Vv( 1]) witha,beC".

The following result is given in [FJMM13] for the d-deformation U, 4(sl%% ) of the quantum
toroidal algebra.

Proposition 3.3.1. [FJMM13]

(i) The action on/l (slﬁfﬂ’;l) on the tensor product V(a) ® V(b) is well-defined if
and only zf §£ gtz

(ii) Assume that E = ¢ 2t o€ Z. The module V ) @ V( b ) has a
submodule spanned by vectors of the form a ® b wzth i < j+mn+1)

(i,7 € Z). The submodule and the quotient module are irreducible and thin.
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(iii) Assume that % € ¢t i € Z. The module V(a) ® V(b) has a sub-
module spanned by vectors of the form a®b withi < j+m(n+1) (i,j € Z).

The submodule and the quotient module are irreducible and thin.
(iv) In all the other cases, V(a) ® V(b) is a thin, irreducible Uy(sltr,)-module.

In the following sections, we give new results about tensor products of specialized
vector representations in the context of extremal loop weight modules.

3.3.2 The generic case

The main result of this section is

Theorem 3.3.2. Let k € N* and ay,--- ,a € C* be such that

a; ¢ q(n+1)Z and 2 ¢ q:t2+(n+1)Z for all i < j.
aj aj

Then the tensor product of specialized vector representations
vilpev(al)e ev(il)
s an trreducible, thin, extremal loop weight L{q(slf{ﬁ:l)—module of L-weight
" Y0 Yia Yo ga,  Yoga,
Let us begin by the following identity which will be used later.
Lemma 3.3.3. Let k € N*. We have the equality into the field C(Xy, -, Xk, @) of

rational fractions on the formal variables X1,--- , X, @,
Xi _ le, k_ -k
S N9 =5 g — e (3.7
1<i<k j#i e -

We would like to thank Jeremy Daniel, Dragos Fratila, Victoria Lebed, Louis-Hadrien
Robert and Michal Zidor for giving us different proofs of (3.7). We give here one of them
due to Michal.

Proof. Let us denote X = (X1, ---,X}) and X5 = (Xy,--- X1, Xj11,---, Xy) for all
1 < j < k. The well-known Vandermonde determinant is

XpboXP? o
Xyt oxkr oo
V(X) =det(Vi,---, Vi) =| 7 : 1= 1] &i-Xx).
: - Y 1<i<y<k
XX o

Denote by ¥;(X) = 221 <, <jpccjick X1 Xjo -+ Xy, the i-th elementary symmetric poly-
nomial in variables Xy, -+, Xj. By convention, we set ¥o(X) = 1.
To prove (3.7), we will show that the coefficient of degree Q¥ 172 (0 <i <k —1) in

the left hand side is 1. By a direct computation, it is equal to

(XTI X}jliZi(Xk)>
- (Hj;ﬂ(Xl—Xj)Jr +Hj;ék(Xk_Xj)
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By setting to the same denominator, we obtain

| (Xf“zxxl)v(xl) ot (Dk‘lX’f”Ei(Xk)V(Xk)> W

(=1 7 X)
But for all 1 <[ <k,
XPS(Xy) = XPIS(X) = XIS (X) 4+ (D)X S0(X).
Hence the numerator in is the determinant
det (Vi1 Xi(X) = ViZima(X) + -+ + (1) ViZo(X), Vo, - -+, Vi)
expanding along the first column. As it is equal to (—1)*V(X), we obtain the result. [

Let us give the proof of Theorem [3.3.2

roof. By Lemma |1.8.3[ an emark |1.8.4} the S -module
P By L 1.8.3land R k|1.8.4, the U, lﬁfjﬁl dul

Vi pev(a])eov({l],)

is integrable and it satisfies the first and the third defining conditions of extremal loop
weight modules. So it remains to prove that a1 R ® ak is extremal for the
horizontal quantum affine subalgebra. Let us show that

(@)W1 ], ®e[1] =[2] ® -ol2],.

We give a recursive argument on k. It is satisfied if k is equal to one. Assume that k > 2
and the property true at the rank k — 1. The vector x{ -al R ® ak is equal to

a1 ®"‘®ak +¢(ak/ak—1)1 ®---®[ 2 ‘ak—l ®| 1 le ...
+(ag/ar)plas/ar) - lag/ar) [ 2 |, @[ 1 ], .

But the action of z7, on the j-term zz1 ®--- ®a_ ®--- ®ak reduces to the case
’ J

k — 1 for the tensor product

viape-ev(al pev(al Je--ev(il)
By the recursive hypothesis, (xio)(k_l) . al QX ® aj Q- ® ak is equal to
Ylar/aj)dlaz/ag) - Plaj-i/ag)-[ 2 ], @02 ] ®-of2]

where the factor ¥(a1/a;j)¥(az/a;) - --1(aj—1/a;) stem from the box a_. By summa-
J
tion we obtain

(wl_,O)(k) L a1 ®-¢ ]q<2 Hwa]/az)'cu@“.@ak

1<i<k j#i

and by (3.7)) we have

1<i<k j#i

i)
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More generally, we show in the same way that for all i € [ and j € Z,

+ 70 k) ® = j71a1®...® jilak’
)& @ = a1®"'®a,;
z,o a1 ® ak 0 otherwise.

Hence the vector a1 Q- & ak is extremal for the horizontal quantum affine sub-
algebra, and V([ 1 | ) ® ® V(ak) is an extremal loop weight module. O

,_.

3.3.3 The non-generic case

Let us consider the tensor product of specialized vector representationsE] (ke N* a e

C*)
V(a) ® V(aq_Q) - ® V(aq*Q(k*U)'

Denote by V : the subvector space of V(a) ® -® V(aq_Q(k_l)) generated
e,
Lin |, @i |, o @ @i | oy Within <2 <0 <y
and V(- . -a) the subvector space of V(a) ®-® V(aq_g(k_l)) generated

by
L | @l ]y ® @ ] e With G122 2 2 i

We determine when the action of Uy (s} ) is well-defined on these vector spaces.

Proposition 3.3.4. (i) The coproduct Ap endows V(a) ®- - ® V(q,g(k,l))

with a structure of thin Uy (sl ,)-module if and only if

1
(n is even and k < n+1) or (nisoddandkgn;— ) (E)

(ii) The coproduct Ap endows V : with a structure of thin Uy (sl )-module

L&,
if and only if k satisfies (E).

(iii) The coproduct Ap endows V(‘ . -a) with a structure of thin Uy (slt,)-module
for all a € C* and k € N*.

Proof. Let us begin to show the defining conditions for these modules. Assume that
k > n+ 1. By straightforward computations we check that the action of zy, is not
well-defined on the vector

N n+3 e k
M(J/@ Maq*2 ® ® 1+2(n+1)aq*2(n+1) ® aq*z('"JLz) ® ® aq*Q(kfl)'
2. It could be interesting to consider the tensor product V(a) ® V(aq2 Y®- - '®V(aq2(’€*1>)

instead of the one in this section. Its study is similar and it leads to the same results.
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n+1

In the same way if n is odd and k > 3

well-defined on

®aq 2® ®aq72(l 1)®Haq72l ® —2(l+1) : (n+1) q_g(k_l)‘

It shows that (E) is needed in (i) and (ii).
Now assume that k satisfies (E). To show that the action is well-defined on the tensor
product, it suffices to prove that it is well-defined on a vector

aq —2(r—1) ® (s—1) € V aq—2(r—1)) ® V(aq—Q(s—l))

a —2(r—1)

ag—26=1) =4q

= [, we check that the action of Zy g Is not

with 1 < r < s < k and 41,40 € Z. This is in fact the case because 2(s—r)

which is not in ¢ )% by hypothesis. So (i) is proved.
Assume always that k satisfies (E) and let us prove (ii). The action of the z(z) is

well-defined on V : . It remains to show that for a vector

k],
v = -aq ®l —a(k—1) with i1 <o < --- < i,

zE(z)veV : foralli € I (Lemmall.8.1)). This is a consequence of the equalities

F@) Lol = ded (e [ ] ol ], =0, (39)
o R g,
Fix k € N* and let us prove (iii). Denote by W the subvector space of the tensor

product generated 1‘oy ve‘ctors a ® aq*Q R ® q_Z(k_l) such that there exists
1<s<k-—1and js < jsr1. We have the decomposition of vector space

V(a) D ® V(aq—Q(k 1) @ w
andqﬁjE CV -W C W, i€ 1. Let us prove that

the actlon of :cl- ( ) is well- deﬁned on V( a for all ¢ € I. For that, it suffices to
consider a vector of the form

aq_Q(T_l) & aq—2(s—1) with 1 <r < s <k and j, > js.

The action is well-defined on it, except perhaps when j. and js; are of the form
jgr=1+m(n+1),js =1 (i € Z,m € N). But in this case, one has

x{(z) . ® :5(aq_2(5_1)+jsz) . ® ljs+1
+ 5(aq72(r71)+jrZ)¢(q2(rfs)qu(n+1)) . ® .

As 2(r —s) —m(n+1) <0, the action of x; (z) is well-defined. It remains to check if the
last condition in Lemma [1.8.2]is satisfied. For that, the vectors we have to consider are of

the form
v= . ®aq—2 @ ®aq72(k—l) ew
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where there exist 1 < s <k —1 and ¢ € Z such that js =i and js41 =%+ 1. Then it is a
direct consequence of the equality

${_ (Z) ’ aq*Z(S’l) ® aq*25 =0.

Hence by Lemma [1.8.2 V(m . ma) can be endowed with a structure of
Uy (slt7;)-module.

As V(a) is thin, all the considered modules here are weighted. Actually they are
thin for the following reasons: if (E) holds, all the sets M (V(aq,g(i,l))) for various
1 < i < k are disjoint to each other and the joint spectrum of U, (h) is simple. For
V(- . -a), the thin property is a direct consequence of its definition. Indeed for

Jj1 > ja > -+ > ji, the f-weight of a Q- ® aqﬁ(kfl) is

— —_— . _1 —_— . _1 “ .. _1
m= le,athlyjl—l,aqh Y;‘z,aq”’SYjQ—l,an’r2 ij agik—2(k— 1>Yk 1,aqik—2(k=1)"

And such an f-weight determines completely the sequence j; > jo > -+ > ji. Then we
have a bijective correspondence between vectors a ® - ® a with

g—2(k—1)
j1 > jo = -+ > ji and their -weight, and V(- . -a) is thin. O
Theorem 3.3.5. Assume that
. n+1
(n is even and k <n+1) or (n is odd andk<T . (E”)

Then the Uy(sltr,)-module V(a) ® - ® V(aq_g(k_l)) is an extremal loop weight
module of £-weight

kw — -1
€ IYLaYLazr2 T Y1,aq—2(k 1)Y0 ano ag—1"’ }/O’aqu(kfl)qﬂ.

Proof. By Lemma|1.8.3land Remark|1.8.4, V(| 1 | )®-- '®V(a,2<k )
Uy (sl7 1 )-module which satisfies the third condition of Deﬁnitionm
Let us show the extremality of

Lol e ol ] eu

for the horizontal quantum affine subalgebra: the vector ) -a Q- ®aq*2(k*1) is
equal to

is an integrable

eeeelu el Jve@?) [ eel2 e[ ]+
+(g HY(g ) (@2 ) 2 e w1 e[ 1]

By (3.9) the only vector we have to keep is the last one, and we take its image by the
operator z7 ;. We repeat this operation & times. Finally we obtain

(@i [ 1o o1 =@ ) g )2 g2 D) [2]e-- o2 ]

But 17[}( _2 ] 1)) = % fOI' au ] 2 2’ and

(g ) (g2 (g2 Y) = (K],
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Hence (7)) Mli]e e = ®:® . More generally we show that for all

1€l andje€ Z,
- - aq—2<k—1> - a B ® aq—2<k—1)’
j 0 a ®-- aq—2(k—1) = [, ® - ® aq—Z(k—l)’
a:ffo 'a & - ® aq?Q(,ﬁl) = 0 otherwise.

So the vector l Q- ® -aq—Q(k 1 is extremal for the horizontal quantum affine
subalgebra.
It remains to show that the vector

Lol le® el aun

generates this module when k satisfies (E’). It reduces to prove it for all tensor product

of the form
V(aq_z(r_l)) (= V(aq_g(s_l)) Wlth 1 S r<s S k;

So let aq72(T*1) ®q72(571> be a vector in this tensor product. By the computations

done above, one can assume that ji,jo > 1. We show easily that it can be obtained from
aq_g(r_n ® aq_Q(S_l) by the following straightforward calculations (u € Z)

Q
)_n
O

[(2) [ 1 |@+umtr)] = 6(ag 26— DHiHulntl), l_[ ® ptu(n+1)|
+5(aq72(r71)+1 )w(q (r s)4u( n+1 \—‘ & [1+u(n+1),
[(2) | 2 |@h+umtr)] = 6(ag 26Dz | 2 @ brum+1).

Let us note that all the coefficients in these equalities are non-zeros when k satisfies (E’).
Then we obtain the result in that case. O

Remark 3.3.6. Assume that

1
(n is even and k =n + 1) or (n is oddandk:n;— )

and set
V= u izo—ll ®aq 2 & - ®aq_2(’“—1)'

Then V is an extremal loop weight module, and it is strictly included in

V(a) Q- & V(aqu(k*U)'

Proposition 3.3.7. The Uy (sl )-module v -a) (a € C*,k € N*) is an irre-
ducible extremal loop weight module of £-weight

kw 1 -1
€ IYVLCLYLG(I72 Yl aq_Q(k 1)1/2) anvo ,aq— o l/;),aq72(k71)+1 .

Proof. The proof is analogue to the one of Theorem [3.3.5] and we only show the irre-
ducibility of V(- . ~a). As above, it follows from the case of the tensor product

(r>2)
Vi) e V(aq—zw—l))

and the calculations (u € N)
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F) [ 2 |®@p-un+)] = d(agz)-| 1 |@p—umri)|+ §(ag2r—DHIundl) 5y o
O e G A Cae o T R P vy
7 (2)-| 2 |@fi—um+n) = 6(agz)-| 1 |®[—um+1)
ey (2) [ 1 ]@h—um+] = 8(agt 2V [ @ oume)
+5(aqzw(q_2(’"‘”‘“(”“)) L2 @ i-umr)
L) [ 2 |@fi—um+n)] = 8(agt ™20~ D-uln+1), )| 2 |@p—um+1).

In particular we have in V()

T2 ]el2] = 5(a«f1 4*1-®,
- [1]e[ 1] = dag)wg? [ 2 ][ 1]

Note also that all the coefficients in these equalities are non-zeros. ]

In Section 2.4 we have defined an irreducible extremal loop weight module

V(€1 Y1,0Y1 025 0gYp aq1) (@ € C*) of extremal f-weight €*®1Y1,Y7 gq-2Y oYy oo

for the quantum toroidal algebra U, (sl{°"). For that we have considered a monomial real-
ization of the extremal crystal B(le). The tensor product construction gives a new way
to obtain this module.

Proposition  3.3.8. The Uy (sli")-modules  V(e*1Y14Y] gq—2Y ano alq .)  and
V(a) are isomorphic.

Proof. Let us prove this result when a = 1 (the other cases follow by twisting the action
by the automorphism ¢,). The action of U,(sl{’") on V(62w11ﬁ7q§/17q_1Y(;q12Y(;11) is known

(see Theorem [2.4.6)). Let us give a basis of V(1) on which the action writes in the
same way. The representation V(1) is thin and has a basis formed by the /-weight

vectors
Um = 1 ® q_Q with j1 > jo

and where the monomial m is the ¢-weight of 1 ® qu' We normalize this basis as
follows: for s € N* and k € Z we set

Wiy, ' = w(q45+2)_1 U,

it m =Yy geanen Yy buannYorngt Vg e B m = Yarr @Yy aYigng 1Y) i we
define the vector
o —2y—1
W, = W(q77) 7 U
For the other (-weights m, we just set w,, := vy,. The action of the quantum toroidal
algebra U, (sl{’") can be computed on the basis (wy,)m. And we check that the formulas

of the action are the same as the explicit ones for the module V (e?*#1Y; ,Y; e 1Y YO )
given in Theorem [2.4.6]

Remark 3.3.9. Consider the tensor product (k € N*, ay,--- ,a, € C*)
V = V(€™ Yna Y5 a,0) © V(€T Y0,V 0g) @ @ V(€7 Y0, Y 0y )-

By using the automorphism v of Uy(sliT), we obtain from the previous results that
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—if s ﬂ ¢ gL op ﬂ ¢ qFHOADL for all i < §, V is an irreducible, thin, extremal

loop weight U, (slno_H) -module of £-weight

kw — —
e nYn:al Y’MIQ R £ ,ak YO aquE) aq’ YO ,akq?

— if k satisfies (E') and a; = aqg~ 2%~V for all1 <i <k (a € C*), V is an extremal
loop weight Uy (sIi?T 1 )-module of (-weight
kwny oYy, ag-? .Y ag—20e 1)}/(5an_ Lyl

n 0 aq— 0 aq72(k 1)+1°

Furthermore for all k € N*, there exists a subvector space of V' which can be endowed
with a structure of  irreducible, thin, extremal  loop weight
Uy (sI2T1)-module of (-weight

okon 1 -1
“ Y YTL ,aq— : Yn aq_Q(k 1)}/0 aq)/b ,aq— e }/E)’aq72(k71)+1 .
Proposition 3.3.10. Assume that k satisfies (E'). Then V =V : is an irre-

a
ducible Uy (sl )-module. Furthermore, the vector v = a ® - ® aq_g(k_l) is not
extremal for the horizontal quantum affine subalgebra in that case.

Proof. As above, the irreducibility of V follows from the case of the tensor product

V(aq*Q(Tfl)) ® V(aq*Q(Sfl)) Wlth 1 S r<s S k

and the calculations (u € N,v € N¥)

T Z) : li‘ X [24v(n+1)] = (5(aq_2(r_1)+1 l_‘ ® ‘2+v(n+1)‘ + 1/1( 2+2( s—r)—v(n-i—l))—l
x§(ag 2D+ ) o [@ [iu(nt1),
01fs:r+1andu:0,
+ Z) . m ® ptums1)| = w(qQ(sfr)fu(nJrl)) %
5(aq72(571)+1+u(n+1)z) . m @ [1+u(n+1)

[(2) [ 1 |@ftomtn] = d(ag 2 DH1Heintl) ) ®‘2+v nt1 ‘

+6(aq—2(r 1)+1 2)i(q (r s)+v( n+1 l—‘® 1+v(n+1),
Oif s=r+1and u=0,
5(aq—2(r—1)+1 )

w( 2(s— r)+2+u(n+1) l—‘®lm‘

Note that all the coefficients in these equalities are non-zeros when k satisfies (E’).
Let us show that the vector

v=[1]el2],® &k | 0u

is not extremal for the horizontal quantum affine subalgebra. We apply operators z; ),

otherwise.

2)-| 1 |®ptum+1)

otherwise.

Tpy100 " 1 Tpp ON it: i s equal to

PR ® q—2(k—2) ® ag—2(k=1) = ® q—2(k—2) ®|Ilaq—2(k Dtnt1-
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The weight A of this vector satisfies A(hg) = 0 and we have

+ _
$0,0 ’ a X ® an_Q(k_l)“"’H‘l - IIL ® aq_2 Q@ an—Q(k—l)+n+17
2501, ® @0 Latmnims =[ 1L @ ®k=1], aien) ®[ L | j-awenyinsn
Hence this vector is not 0-extremal, and v is not extremal for the horizontal quantum affine

subalgebra. So V is not an extremal loop weight module of /-weight e®* Yy ag—r+1 Yojalq when
k satisfies (E'). O

Assume that n = 2r +1 (r € N*) is odd and £ = r + 1. Denote by
Vv : (resp. W) the subvector space of V : generated by

r—+1 r4+1
a a

a ®aq_2 K- Q aq*QT with i1 <9 <-++ <ipyq
and i,41 — i1 < n (resp. iy41 — i1 > n).

Proposition 3.3.11. The coproduct Ap endows V : and W with a structure of

irreducible and thin Uy(sli?] | )-module.
tor

Proof. Let us begin to prove that IV can be endowed with a structure of U, (sl;?} | )-module.
By Lemma [1.8.1] it suffices to prove that for all vector of the form

v=lal®[nl, ,® @l , withi <@ < <y and iy — i >,
:pli -v € W. This is a consequence of the following equalities in V(a) ® V(aq,%.)

2 (2)-[2 ], @[], =of(2)[2], ®[2 ] = 6agz) 1 ], ®[ 2 |,
w1 (@)L eluem] =) [l el L =d®) 1 L el2 ],

The action on V : can be defined as the quotient of V' : by its

a a

submodule W. We check directly the irreducibility of these modules from the formulas
given in the proof of Proposition [3.3.10 O

For all Young tableau T'= (1 < i; < i < --- < ip41 < n+ 1) of shape (r+1), a € C*
and s € Z, we set

— . s—1 R . r4+s—1
TanS - 15+[r+1](n+1) ® ® 'Lr+s+[ 1 ](n"’_l) q*QT
where iy, 41 = it by convention. Then {7}, ,2s }7,s is a basis of V/ : . We determine
r+1

the action on it.
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Proposition 3.3.12. The action of Uy (sl ) on V : is given by
r+1 "
x;r(z) Iy, = Z 5{ip:i+1}5{z‘p,1¢z'}5(bqi_2pz)(éi ) T)bqf%i,o,
1<p<r+1
(3.10)
w7 (2) Ty = D Si=y0fipaaziry0(0a ™ P2)(fi - T)yp2sios
1<p<r+1
Y(bgP 2T, if Fp st iy =i+ 1yipq # 4,
oE(2) Ty = {(bg—2P2)T, if 3p st iy =dyipi1 #i+ 1, (3.11)

Ty otherwise,

where T = (1 < i1 <y < -+ < ipy1 < n+1) is a Young tableau of shape (r + 1) and
iel,beag®.

Here we use the notation 64 = 1 if A is true and d 4 = 0 otherwise. Let us describe the
operators &; and f; occurring in (3.10). For that denote by Bo(Ar41)lg the set of Young
tableaux of shape (r + 1) (we use the same notations as in Chapter 2). It can be endowed
with an affine P-crystal structure as follows: the weight function is given by the content
of tableaux, i.e. wt(T') := (wi(T), -+ ,wn+1(T)) where w;(T) is the number of letters i
occurring in the tableau T'. It can be viewed as an element of P, by setting

wt(T) = cl (w1 (T)(Ay — Ag) + wa(T)(Az — A1) + - + w1 (T)(Ag — Ay)).

The operators & and f; in are the Kashiwara operators in this crystal. Their action
on the Young tableaux of shape (r + 1) is such that: for ¢ # 0 we have &; - T = T" or 0
where T” is obtained from T by replacing ¢ + 1 by 4. If it is not possible (i.e. when we
have both i + 1 and 7 in T or when i 4+ 1 does not occur in T'), then it is zero. Similarly
fi-T =T" or 0, where T” is given by replacing i by i + 1. For the action of &y and fy, we
have

T 0 ifig #Z1orip =n+1,
€-T =
0 (in, - yipg1,n+1)  ifi; =1and i1 #n+ 1,
~ 0 ifir=1o0r 441 #n+1,
Jo-T = . . v )

(L,i1,--- ,4p) ifdg #1 and 4,41 =n+ 1.

Proof. Formulas (3.10)) and (3.11]) follows directly from the previous computations. O

Let us recall some facts about the extremal fundamental loop weight modules (see
also Chapter 2). By construction V(ew’““YrH,aYOjaquH) has a basis parametrized by a
monomial realization of the level 0 extremal weight crystal B(ww,+1). This crystal is related
to the affine Py-crystal Bo(Ar41)lg in the following way: from By(A,41),5 one can define
its affinization By(A,+1)ag (see [Kas02bl Manl2c]): this is the P-crystal with vertices in
{z*®T|s € Z,T € Bo(Ar41),5} such that for all s € Z and T € Bo(Ar41)Lg,

wt(2° @ T) = wt(T) + s9, )
éi . (zs ® T) — zs+5i,0 ® ('éz . T)7 fz . (ZS ® T) — 28751'70 ® (fz X T)
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Then it is known [Kas02b] that Bo(Ay41)ag ~ B(wr41). In particular, one can also
parametrize the monomial basis of V(ewT“EHﬂYOTaquH) by Bo(Ar+1)ag (a couple (T, s)
of a Young tableau T'= (1 < i3 < --- < iy41) of shape (r + 1) and an integer s € Z), by
setting

T,

ag®s — H q2s )

1<j<r+1

Note that the coefficients ¢?* in the indices of the basis {T,p2s }1,s stem from the monomial
realization of B(w,41): we have the equality of U, (sl,+1)-crystals

B(wi1) = | | 2° @ Bo(Arg1)
SEL

and for all s € Z the monomial realization of 2% ® By(A,+1) is M(Kﬂﬂ,q—stqulTH,QS) (see

Chapter 2).

The similarities with the Uy (sl%];)-module V : we defined in this section

r+1 o
suggest the following result.

Theorem 3.3.13. Assume thatn =2r +1 (r e N*). ThenV =V : is an irre-
r+1 y

ducible extremal loop weight module of ¢-weight ewT+1Yr+1’aq—r—2%—alq,1. Furthermore, it

1s isomorphic to the extremal fundamental loop weight module V(ew’"“Y,ﬁH’aqfrszbjalq_l).

Proof. The fact that V' is isomorphic to V (e¥r+1Y, 1 ;-2 %_alq_l) is straightforward from

the explicit formulas of the action of Uy(sli;) on V(6WT+1K~+1,aq—r—2%Talq71) given in

Section 2.3.2. The result follows directly. O
Remark 3.3.14. Assume that n is even. The Uy(sl?T,)-module V : is not

n+1
1],

irreducible: in fact let us denote by V : (resp. W) its subvector space generated

a
a ®aq*2 - ®aq_2” with 4 <1dp <+ < In+1

and iny1 — i1 < 2n+ 1 (resp. ipt1 — i1 > 2n+ 1). We show that the coproduct Ap
endows these vector spaces with a structure of irreducible and thin Uy (sl | )-module. But

% : is mot an extremal loop weight module, the vector

[,
a ® aq_2 ® U ® aq72n

being not extremal for the horizontal quantum affine subalgebra.
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3.3.4 Finite-dimensional representations at roots of unity

Set L > 1 and let € be a primitive [(n + 1)L]-root of unity. Recall that U(sll],)" is
the algebra defined as Uy (sI%7 ;) with € instead of ¢ (without divided power and derivation
element). For all a € C*, let V(a)€ be the U (sl ;) -module constructed in Section
2.3.3. It is obtained from V(a) by specializing ¢ at € in and by taking a quotient.
Furthermore, V(a)E is an irreducible module of dimension [(n + 1)L].

Theorem 3.3.15. Assume that € is a primitive [(n 4+ 1)L]-root of unity and let k € N*
and ay,--- ,a; € C* be such that 5+ ¢ DL gnd uog F2HADL for qll 1 < 4,j < k.
J J

Then Ap endows the tensor product

vl )eev(a],)e eV ],

with a well-defined structure of Ue(slif ) -module. Furthermore it is irreducible and finite-
dimensional of dimension [(n + 1)L]*.

Proof. Tt is straightforward from the action of U (sl )" on V(a)6 and the computa-
tions done above. O

Let us consider the tensor product (k € N*,a € C*)

V(a)f ® V(aq*Q)f ®-® V(aq—Q(k—l))E'

We determine when the action of U (sll} ;)" is well-defined on it.

Theorem 3.3.16. The coproduct Ap endows the tensor product

V( )5 ®-® V(aq_Q(k_l))f

with a structure of Ue(sltl,)'-module if and only if k satisfies (E). Furthermore this
module is irreducible and finite-dimensional of dimension [(n + 1)L]*.

Proof. The proof is analogue to the one when ¢ is not a root of unity. Further we show by
straightforward computations that V(a)ﬁ R ® V(aq,m,l))e is irreducible. O

Remark 3.3.17. Let us consider the Uy(sltT;)-modules V : and V(~ : -a)
and their specialization at q to e: one can show that they are weﬁ—deﬁned if and only if k
satisfies (E). Furthermore the U (sl )'-modules hence obtained are equal to the tensor

product V(a)E ® V(aq,g)E R ® V(aq,g(k,m)g defined above.

3.4 Tensor products of V(e“ 1Y, 1Y 1) for Uy (sI5,,)

In this section we use the same process as in Section 3.3: we consider tensor products

of fundamental extremal loop weight modules V(ewé}fgvaYofalqg) when n = 2r + 1 is odd
’ tor )

and ¢ = r + 1 here. We obtain new extremal loop weight modules for U (sli?},
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So in all this section n = 2r +1 (r > 1) is an odd integer and ¢ = r + 1. In the

first subsection we recall the formulas of the action of Uy (slt,) on V : and we

[r+1],

determine when the action of the quantum toroidal algebra is well-defined on a tensor
product of these extremal fundamental loop weight modules (Proposition .

In the second subsection, we study the case of tensor products with generic complex
parameters a,---,a; € C* (k € N*): it is an irreducible, thin, extremal loop weight
Uy (slt7 1 )-module of (-weight

k -1 -1
e Y ar Yot an Oargr+l 'Yo,aquﬂ (Theorem [3.4.3)).

In the last subsection we specialize ¢ at roots of unity e. We get in this way new

irreducible finite-dimensional modules over U (s} ;).

3.4.1 Existence conditions of tensor products

In Section 3.3.3, we gave a basis {T,,2s }1s of the Uy (sl’)-module V

r+1
a

indexed by the Young tableaux of shape (r+1) T = (1 <i1 < ig < -+ < ipp1 <n+1)
and integers s € Z. Let us recall the formulas of the action on it (i € I,b € ag*?)

JUZJF(Z) Ty = Z 5{ip:z‘+1}5{ip,17éi}5(bqi_2p2)(éi : T)bq*Q‘si,Ov
1<p<r+1
i (z)- Ty, = > 5{ip:i}5{ip+17$i+1}5(bqi_2pz)(fi “T)yg250
1<p<r+1
P(bg =TI, if p st iy =i+ 1,01 #
o5 (2) Ty = {(bg—22)Ty if p st dp =i, ipp1 £+ 1,
T otherwise,

where 64 = 1 if A is true and 4 = 0 otherwise, and &; and fl are the Kashiwara operators
in the Pg-crystal Bo(Ari1)hg-

Proof. With the notations used in Chapter 2, we set for all Young tableau T of shape
(r+1)and s € Z,
Taq25 = mT;S.

Then (3.10) and (3.11)) deduce by straightforward computations from the formulas of the

action of Uy (sl ;) on V(YTH,GYO’_aquH) we gave in Chapter 2. O
Let us consider the tensor product V : V

rtl a b
Proposition 3.4.1. The action of Uy(slt? ) on the tensor product
1% : ®V

rtl a b
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is well-defined if and only zf% ¢ ¢*%. In this case, the Uy (sIE27 1 )-module hence obtained

1s 1rreducible and thin.

Proof. Let us consider
TO=(1<iV < il <niD)andT® =1 <i® <. <i® <nt1)

two Young tableaux of shape (r+1) and a € ag?%, 8 € bg?2. We study the action of z; ()
on To(él) ® Tﬁ@):

o (z) T @ TP = 1<§<j 1 sy 0d = 22) (@ TD) asg 0 T+
<usr+

-1
Q2 (v—u)+2 _ X ov—u)\ _
Z 1+ 5{i§”:i+1,i$jﬁéi} <¢ (5(] ) 1) + 6{i5¢1)=i:iil+)1#i+1} <¢ (ﬁq > 1)]

><(5{1.5)2):i+1}5(,3qi72vz)T0(41) ® (& - T(2))6q725¢’0.

Hence the coefficients of the series z; (2) ~T(§1) ®T[§2) are well-defined on the tensor product
if and only if for all o € ag®”, B € bg*” and 1 < u,v <r+1,
& 9

(v—u) £ q
q .
B #

a
A necessary and sufficient condition is that — ¢ ¢?2. Similar computations for x; (z) lead
to the same condition. Then we have the result by Lemma |1.8.1
a
From now assume that 7 ¢ ¢*” and let us show that the module hence obtained is thin

and irreducible. Recall that the extremal loop weight module V : is irreducible,

r—+1
a
thin and the indices of the variables Yli*l occurring in its g—character are in agq

a . .
for all i € I. As we have supposed that — ¢ ¢?Z, the sets ag’"'*?% and bg+'+2% are

disjoints for all ¢ € I. Then V : ®V

rl a b

i+1+42Z

is thin. It implies directly its

irreducibility.

Remark 3.4.2. Assume that % € ¢*2. It would be interesting to find a subspace of
% : RV

1], [r+1),

us to determine the existence of such a subspace.

on which the action is well-defined. But it is not obvious for

3.4.2 The generic case

Theorem 3.4.3. Let k € N* and ay,--- ,a; € C* be such that 3—; ¢ ¢ for all i < j.
Then the tensor product

v oV | V|

r+1 r+1 r—+1
aq a2 A
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is an irreducible, thin, extremal loop weight Uy(sli])-module of (-weight

kw -1 -1
€ T+1}/vr+1,a1 s Y;’Jrl,ak 0,a1qm+t YE),aqu""l'

Proof. By Lemma and Remark this tensor product is an integrable Uy (sIi];)-
module which satisfies the first and the third conditions in Definition [I.7.1] Then the only
thing we have to show is the extremality of

r+1 r+1
a1 ay,
for the horizontal quantum affine subalgebra. Fix i € I and let T' = (1 ~§ 1 <<y =
i <---<ipy1 <n+1) bea Young tableaux of shape (r+1) and 77 = f; - T. Let us show
that

(xfo)(k)'Ta1®"'®Tak :TC/Ll®"'®TC/Lk.

)

We have

3U;0‘Ta1®"‘®Tak — Ta1®"‘®Ték+¢(ak/ak—l)Ta1®"‘®Ték_1®Tak+“'

+(az/ar)p(az/ar) - - Plax/ar) Ty, @ To, @ - @ Ty,

As in the proof of Theorem [3.3.2] we are reduced to the case k — 1. By induction on k
and using (3.7)) we obtain

@) ® T ®- 8Ty =Ty & O T,
In the same way one can show that

(xzj,LO)(k)'Tm@"'@Tak:T” ®"'®T<;/k

al

with 7" = &; - T. The extremality of v follows. O

3.4.3 Finite-dimensional representations at roots of unity

[l /.

by specializing ¢ at € in (3.10), (3.11) and by taking a quotient. We have proved that

Set L > 1 and let € be a primitive [2L]-root of unity. For all a € C*, let V'

be the U (slf?|)'-module constructed in Section 2.3.3. It is obtained from V'

V : is an irreducible and finite-dimensional U (sl%)"-module of dimension L -

a €
n-+1
r+1 )
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Theorem 3.4.4. Assume that € is a primitive [2L]-root of unity and let k € N* and

ai, -+ ,ar € C* be such that Z—; ¢ €*” for alli < j. Then Ap endows the tensor product
V : @V : ®- -V :
r+1 r+1 r+1
aq € a2 € af €

with a well-defined structure of Ue(sli],) -module. Furthermore it is irreducible and finite-

dimensional of dimension [L- ( n+l1 >
r+1

Proof. This is straightforward from the computations done above. O






Chapter 4

Extremal loop weight modules for
Uy(sloo)

This chapter corresponds to the paper [Manl3b], in preparation.

4.1 Motivations

4.1.1 Abstract

We construct by fusion product new families of irreducible representations of the quan-
tum affinization Uy (slso). The action is defined via the Drinfeld coproduct and is related
to the crystal structure of semi-standard tableaux of type A... We call these representa-
tions extremal loop weight modules. The main motivations are applications to quantum
toroidal algebras U, (st} ;) : we prove the conjectural link between Uy(sls) and Uy (ST )
stated in [Herl1] for these families of representations. We recover in this way the extremal

loop weight modules obtained in [Manl13al.

4.1.2 Motivations

The representation theory of the algebra Z/lq(sAloo) is related to the one of quantum

toroidal algebras Uy (sIf7 1) in the following way (see [HerId]) : let us consider the morphism

between the corresponding Dynkin diagrams of the algebras Uy (sloo) and Uy (sIi7,)

A~

Gnii€l—~i€Z/(n+1)Z.
It gives rise to a ring morphism

&n - Z[Kil}iez,aec* E— Z[}Qil]ieln,aetc*-

Then the following combinatorial link between the algebras Z/Iq(sAloo) and Uy (slter)) is ex-

pected in [Herll].

Conjecture. [Herll, Conjecture 5.3] Let V' be a simple Uy(slo)-module in the category
Oint. Then the image of the g—character of V' by ¢y, is also the q—character of a represen-
tation of Uy(sltry).
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ni1)

from the representation theory of U, (sls) (which is better understood). Furthermore this

conjecture is proved for the class of Kirillov-Reshetikhin modules of Uy (s ;).

The aim in [Herll] is to predict g—character formulae for representations of Uy(sl

In this chapter, we intend to construct extremal loop weight modules of the quantum
toroidal algebras Uy (s} ;) by using the conjectural link expected in [HerIl]. More pre-
cisely our aim is twofold: first construct extremal loop weight Uq(gloo)—modules by using
the technical features introduced in Chapter 2 and Chapter 3. Second prove the conjecture
above for the extremal fundamental loop weight L{q(sAloo)—modules, and see if the associated
Uy (sl7 1 )-modules are (-extremal.

Let us explain another motivation to follow this byroad through the algebra Z/{q(gloo)
for the construction of extremal loop weight modules for quantum toroidal algebras. Recall
that Uy(sleo) is defined as limit of the quantum affine algebras Uy(sl,+1) (n > 2). For
this reason the representation theory of this algebra is better understood than for general
quantum affinizations: the fundamental modules we have to consider are thin, with basis
labelled by semi-standard tableaux on which the action is explicitly known. It does not
hold in the quantum toroidal case: in fact for Uy (sltf;) the fundamental modules are not
thin (see [Herlll Section 4.1]). This is one of the main reasons of the met difficulties in
the study of extremal loop weight modules for the quantum toroidal algebras (besides see
Remark. We will see that more precise results can be obtained in our construction of
extremal loop weight modules for the quantum affinization Z/{q(sAloo) than in the quantum
toroidal case.

4.1.3 Summary of results

We construct the extremal loop weight modules on the quantum affinization Z/Iq(sAloo)
by fusion product, in the spirit of Chapter 3. We consider the tensor product (¢ > 1 and
a € C¥)

Vi) © V(Y L)
of the simple /-highest weight module V*°(Y;,) and the simple (-lowest weight module
VOO(YO*alqd ,)- We define an action of Uy (sls) on this tensor product by using the Drinfeld

coproduct Ap.
Proposition. (Proposition The coproduct Ap is well-defined on

Vo (Yia) @ V(YT

0,aq%
and endows this tensor product with a structure of Uq(SAlOO)—module.

Let us note that the extremal fundamental loop weight L{q(sAloo)—modules can also be
obtained from monomial crystals, in the spirit of Chapter 2. The representation V7 is

called the vector representation of Uq(gloo).
As in the quantum toroidal case, we consider V7, the sub-Uy(sls )-module of

VO (Yia) @ V(YL

0,aq’

generated by v ® v, tensor product of a (-highest weight vector v of V°(Y;,) and a
¢-lowest weight vector v~ of VOO(YO_alqd ,)- We determine a basis of V7 labelled by semi-

standard tableaux 7[; 4 of shape (¢) on which the action of Uy(sls) is explicitly known.
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Theorem. (Theorem The action of I/{q(sAloo) on Vg, is given for all
S

T =(iy <ig<---<ig) €Tng by

e (2) Ta = Y Spip=irnydlag™ 2 (& 1),
1<p<¢

xz_(z) T, = Z 5{ip=i}5<aqi+z+1_2pz)(ﬁ T)a,
1<p<t

if there exists 1 < p < £ such that

agi 3=, =1 . T
Vlag )" L ip=i+1 and i, 1 #1,

F(2) T, = Slag ) T if there exists 1 < p < ¢ such that
¢ ifip =1 and iy #i+1,
T, otherwise.

where €;, ﬁ are the Kashiwara operators on the Uy(sl)-crystal Ti,q-
In particular, we get the following result.

Theorem. (Theorem |4.3.14|) Set £ > 1 and a € C*. The Uq(gloo)—module VS s idrre-
ducible, thin and (-extremal of £-weight }@al/'(;alqd[. It is called the extremal fundamental
loop weight module. 7

We study the fusion product of extremal fundamental loop weight modules.

Proposition. (Proposition m Fiza € C* k € N* and l1,0o,--- , €, > 1. Then Ap

endows the tensor product

o0 o0 o0 o0
Vfl,aq’el ® Vf%aq"“’?’%l ®- Vés,aq_és_Q(Zl‘F”'Hsfl) Q- ® ‘/Zk,aq_ek_Q(él"'""‘f[k—l)

with a structure of L{q(sAloo)—module. Furthermore, it has a submodule isomorphic to

VP2 e with 0=y + -4,

In particular, all the extremal fundamental loop weight modules can be obtained as sub-
Uy (slss)-modules of a fusion product of vector representations.
Let us consider the tensor product (£ > 1,a € C*)

o0 o0 o0
Vi @ Viea ® - ® Ve sty

Proposition. (Proposition There exists a subvector space Vi (with

a = {a,aq¢?, - ,aq2(k*1)}) of this tensor product which can be endowed with a thin
Uy (sloo)-module structure. Furthermore Vi'a has a basis labelled by the set of semi-standard

tableaus of shape (£ x k) on which the action of Uy(slw) is explicitly known.

Theorem. (TheOTem The Uy (sl )-module Vioa is an irreducible extremal loop weight
module of £-weight

—1 —1 —1
YiaYiag - Yoagon Yy b Yol Y,

O,aqé O,aq“‘? 07aq€+2(k—1)'

The main motivations of the study of extremal loop weight modules over Z/{q(gloo) are
applications to quantum toroidal algebras Z/Iq(slﬁl‘il). We have
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Theorem. (Theorem Assume that n > 2 is such that

1
(n is even and £ <n+1) or (n is odd and ¢ < 71—20-) . (4.1)

Then ¢, (Xq(V(YZ,a%Talqe))) is the g—character of a representation of Uy(slt],). We denote
it [Vialn-

This result confirms the conjectural link expected in [Herlll Conjecture 5.3] in the
context of extremal fundamental loop weight modules of Uy (sl ).

Recall that our aim is to construct extremal loop weight modules for the quantum

toroidal algebra Uy(sll;). The main result in this way is the following.

Theorem. (Theorem

i) Assume that n > 2. Then [V], is an extremal loop weight module of (-weight
1,a
—1
le711}/0,aq'
11) Assume thatn =2r+1 is odd (r > 1). Then [V.22, |, admits an irreducible quotient
r+1,a

which is an extremal loop weight module of ¢-weight YT+17aY0_a1qr+1.

We recover in this way the extremal fundamental loop weight modules of L{q(slf{ﬂ’;l)

constructed in Chapter 2 and Chapter 3.

4.1.4 Organization

This chapter is organized as follows.

In Section 4.2 we recall the main definitions of the quantum group U,(sls) and its
quantum affinization Z/Iq(sAloo) and we briefly review their representation theory. In par-
ticular one defines the extremal weight modules and we introduce the notion of extremal
loop weight modules for Uy (sls).

In Section 4.3 we construct the fusion product of fundamental ¢-highest weight modules
and fundamental ¢-lowest weight modules associated respectively to the weights A, and
—Ap (¢ > 1) and to a non-zero complex parameter. We define a Uq(sAloo)—module structure
on it by using the Drinfeld coproduct (Proposition . We obtain (as submodule of
the fusion product) an extremal loop weight module associated to the weight Ay — Ag
(Theorem , called the extremal fundamental loop weight module of weight Ay — Ag.
Furthermore we explicit the action of L{q(sAloo) on it (Theorem .

Section 4.4 is devoted to the study of fusion products of extremal fundamental loop
weight modules. When the non-zero complex parameters are chosen generic, we get ex-
tremal loop weight modules (Theorem . In the non-generic case we recover all the
extremal fundamental loop weight modules from the fusion product of the extremal funda-
mental loop weight modules associated to the weight A1 —Ag and to a ¢-segment (Theorem
. By fusion product of k extremal fundamental loop weight modules of weight Ay—Ag,
we also obtain extremal loop weight modules of the weights kAy— kAo (¢, k > 1) (Theorem
4.4.9).

In Section 4.5, we discuss the applications to quantum toroidal algebras. We show that
the g—character formulae obtained from the extremal fundamental loop weight Uq(gloo)—
modules are the g—character of representations of the quantum toroidal algebra Uy (sl ;)
(Theorem [4.5.3). Furthermore we determine when these representations give extremal
loop weight modules (Theorem [4.5.4).
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4.2 Background

We recall the main definitions and general properties about the representation theory
of the quantum group U,(sls) and its quantum affinization Uy (slx).

4.2.1 Cartan matrix

Let C = (C; )i jez be the Cartan matrix of type Ao, that is
Ci,i =2, Cmqu = Ci+1,i = —1 and Ci’j = 0 otherwise.

Consider the vector space
b =P Qhs
1€EZ

and the linear functions A; (the fundamental weights) on b given by
Ai(h]) = 6i,j for all 1,] € Z.

For i € Z, set a; = 2A; — Aj—1 — Aj+1. Denote by IT = {«;,i € Z} the set of simple roots
and IIV = {h;,i € Z} the set of simple coroots. Let P = @,z ZA; be the weight lattice
and PT = @, NA; the semigroup of dominant weights. Let Q = @,;c; Za; C P (the
root lattice) and QT = @,c; Na; C Q. For A\, € b*, write A > p if A\ —p e Q.

Denote by W the Weyl group of type sly: it is the subgroup of transformations stabiliz-
ing P generated by the simple reflections s; defined by s;(A\) = XA — Ah)oy
(1€ Z,\ € P).

4.2.2 Quantum group U,(sl«)

In this article ¢ = €' € C* (t € C) is not a root of unity and is fixed. For [ € Z,r > 0,
m >m’ >0 we set

l —1
q —q
[l]q =

Cq—q!

€ Z[qil}a [Tlg! = [rlglr — 1g .- - [1g, [ZZ/] = [m — E:;t;[m/]q!'

Definition 4.2.1. The quantum group Uy(sls) is the C-algebra with generators ky,
(h€b), z¥ (i € Z) and relations

K3
knkp = kpyns ko =1,
knzyk_p = qiaj(h)ﬁﬂf,
ki — k1
+ -1 1
[z, 25 ] = 5i,jﬁ’

+ + £ 4+ 4, 4 [+

7 7 %

where we use the notations ki = kip, and for all v >0, ()" =

The quantum group Uy (sl ) can be considered as limit of quantum groups of type A,
and has been studied by various authors (see for example [AJL12, [EKO0S, FMO02a, LS91]
and references therein).

For J = [a,b] C Z denote by Uy(sls)s the subalgebra of U,(sls) generated by the
J:ii, kp for i € J, h € @jc(qp)Qhj. Then Uy(slx)s is isomorphic to the quantum group
uq(8lb7a+2)'
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Let Uy(sloo)™ (resp. Uy(sloo)™, Uy(h)) be the subalgebra of U, (sls) generated by the

- resp the kp). We have a triangular decomposition of U,(sls) (see

x; (resp. the z;,

[Lus93]):

Theorem 4.2.2. We have an isomorphism of vector spaces

Uy (8loo) = Uy(sloo)™ @ Uy () ®uq(3loo)+-

4.2.3 Representations of U, (sl)

For V' a representation of U, (sls) and v € P, the weight space V,, of V is
V, ={veV]k- v=q¢"vVieZ}.

Definition 4.2.3. A representation V' is said to be in the category O if
(1) it admits a weight space decomposition V =@, cp Vo,
(ii) V., is finite-dimensional for all v,

(tit) {v|V,, # {0}} C Uj=1 ... N{v|v < \;} for some A\1,--- , Ay € P.

For A € P, a representation V is said to be of highest weight \ if there is v € V) such
that for all i € I,z - v = 0 and Uy(slso) - v = V. Such a representation is in the category
O. Furthermore there is a unique simple highest weight module of highest weight .
Definition 4.2.4. A representation V is said to be integrable if

(1) it admits a weight space decomposition V =@, cp Vi,
(i) all the 2 (i € Z.) are locally nilpotent.

Theorem 4.2.5. [Lus93, [Herll] The simple highest weight module of highest weight X is
integrable if and only if X is dominant. It is denoted V(X).

Extremal weight representations

Now we recall the definition and some properties of extremal weight modules for the
quantum group Uy (sls) [Kas94].

Definition 4.2.6. For an integrable Uy(sls)-module V and A\ € P, a vector v € V) is
called i-extremal if x7 -v =0 or x; -v = 0. In this case we set Si(v) = (x; ) M) .y or
Si(v) = (x:r)(_)‘(hi)) -v. A wvector v € V) is called extremal of weight A if, for any | > 1,
Siy -+ Si,(v) is i-extremal for any i,i1,--- i € Z.

For v an extremal vector of weight A\, we set W -v ={S;, ---5;,(v)|l € N,4y,---4; € Z}.

Definition 4.2.7. For A € P, the extremal weight module of extremal weight X\ is the

Uy (sloo)-module generated by a vector vy with the defining relations that vy is extremal of
weight X. It is denoted V (N).

Example 4.2.8. If A is dominant, V(X)) is the simple highest weight module of highest
weight .

Theorem 4.2.9. [Kas9j|] For A € P, the module V (\) is integrable and has a crystal basis
B(\).
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4.2.4 Quantum affinization U, (sl..)

We recall the definition of the quantum affinization U, (sls) (without central charge)
in terms of currents.
Definition 4.2.10. The quantum affinization Z/lq(sAloo) is the C-algebra with generators
xj; (i € Z,vr € Z), kp, (h € b), hipm (i € Z,m € Z — {0}) and the following defining
relations (i,j € Z,h,h' € b):
knkp = Enins ko =1,

7 (2)0] (w) = 97 (w)e5 (2) . ¢; ()8 (w) = ¢f (w)ey (=),

(w— )67 () (w) = (¢ — 2)af (w)oF (), (4.2
(w— V)7 (2)5 (w) = (¢ w = 2)a5 (w)g7 (2), (4.3)
o 2oy ()] = 620 () = 6(2)07 (2),
(= = ) () () = (¢* = — whaF () (),

o (z1)a7 (z2)wi, (w) — (¢ + ¢V (21) 2 (w)af (22)
+$§:1( )z (21)2 (22) + (21 > 22) =0,

and [m;t(z),a:;t(w)] =0 fori#j,j£1.
Here we use the formal power series 6(2) =Y ez 2° and

_ + _r
= Z Lir®

reZ

Z¢z:|:m :k;tlexp q_q Z hzim’z

m>0 m/>1

Subalegras of U, (sl

There is an algebra morphism U,(sls) — Uq(sAloo) defined by ky, ~ kpy, i — m;'fo

(h € b,i € Z). Its image is called the horizontal quantum affine subalgebra of Z/{q(sAloo)

and is denoted by Ug(gloo). In particular, a Uq(gloo)—module V has also a structure of a
Uy (sloo)-module. We denote by Res(V') the restricted U, (sl )-module obtained from V.

For J = [a,b] C Z, let us denote by Uy(sls ) the subalgebra of Uy (sls) generated by
the x”, kb, hign (i € J, 7 € Z, m € Z — {0}, h € ®jcsQh;). It is isomorphic to the
quantum affine algebra U (sly_q42)’ [Bec9d, Drisg).

For i € Z, the subalgebra U; generated by the azw,hi,m,k‘phi (r € Z, m € Z — {0},
p € Q) is isomorphic to L{q(slg) .

We have a triangular decomposition of U (sls).

Theorem 4.2.11. [Mik00, Nak01] We have an isomorphism of vector spaces
U(slo) = Uy(sloo) ™ ® Uy () @ Uy(sloc) ™,

where Uy (sloo)® (resp. Uy(h)) is generated by the :1: . (resp. the kp, the hjm).
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4.2.5 Representations of U, (sl..)
Representations of ¢(-highest weight

Definition 4.2.12. A representation V of Z/{q(sAloo) is said to be integrable (resp. in the
category O) if Res(V') is integrable (resp. in the category O) as a Uy(sloo)-module. Let
Oint be the category of integrable representations of Uy(sls) in the category O.

The definition of highest weight representations for Z/{q(gloo) (and for general quantum
affinizations) does not make sense with Drinfeld generators. However an analogous notion
of ¢-highest weight modules exists.

Definition 4.2.13. A representation V' ofuq(gloo) is said to be of £-highest weight if there
isv €V such that

(i) V = Uy(slo)™ - v,
(ii) there exists v € Hom(Uy(h),C) (called -highest weight) such that

o, v =r(¢, v forallieZ and m >0,

i,+m i,tm
(iii) for anyi € Z,r € Z, x,. -v = 0.

Such a representation is in the category @ and is infinite-dimensional. Fory € Hom(U,(h), C),
by Theorem [4.2.11| we have a corresponding Verma module M(+y) and a simple represen-
tation V() which are ¢-highest weight.

Theorem 4.2.14. [Herll] The simple representations V() of L{q(gloo) are integrable if
there is (P;)icz € (1+uC[u))®?) satisfying fori € 7 the relation in C[[2]] (resp. in C[[z~1]])

£ (L)) = e (Pi)Pi(zq_l)
V(7 (2)) = ¢ Plq)

The polynomials P; are called Drinfeld polynomials and the representation V() is then
denoted by V((P;)icz)-

The Kirillov-Reshetikhin module associated to k& > 0, a € C* and ¢ € Z, is the simple
integrable representation defined by the n—tuple

P(U) o (1 — UCL)(l — U(lq2) .. (1 _ anz(kil)) fOI' i = E,
‘ ] 1 fori#d.

If K =1, it is also called fundamental module.

Theorem 4.2.15. [Herll|] Let v be a (-highest weight vector of the simple qu(sAloo)-module
V((P)iez). Then

A

V((P)iez) = | Va((P)iez) where Vi ((P)iez) = Ug(sloo)[—nm) - V-
n>0

Furthermore each V,((P;)icz) s a simple finite-dimensional Uq(gloo)[,n’n}—module.
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Morphism of g-character

Consider an integrable representation V of Uy (slso). As the subalgebra U, (h) is com-
mutative, the weight spaces V,, split in simultaneous generalized eigenspaces

V, = b V.,

y€Hom (U (H),C)

where V,, = {x € V/3p € N,Vi € Z,Ym > 0, (¢} 1, — V(i 1,))P - & =0} If V, # {0},
is called an f-weight of V' and V,, is an /-weight space.

Definition 4.2.16. A U, (sl )-module V is weighted if the Cartan subalgebra Uy (h) acts
on V' by diagonalizable operators. The module V is thin if it is weighted and the joint
spectrum is simple.

Definition 4.2.17. [FR99, [Her05, [Nak01] The q—character of an integrable representation
V' of Uy(slso) with finite-dimensional (-weight spaces is defined by the formal sum

(V)= > dim(Vy)e().
’YEHOIH(Z/{Q (6)7((:)

As in [FJMM13], we set
_g-a'z
1—2z

¥(2)

Proposition 4.2.18. [FR99, [Herll] Let V' be an integrable representation of Z/{q(sAloo).
An L-weight v of V satisfies the property

1. for all i € Z, there exist k,l € N and ay;,--- ,ax;,b1i,--- ,bi; € C* such that in
Cl[2]] (resp. in C[[z1]]):

S vdEi) e = [I ¢lawiaz) [ vbviax) ™ = [I ¢(auwiaz) [ v(byiez™")

m>0 1<u<k 1<v<l 1<u<k 1<v<l

Furthermore if V' is in the category O, then
(2) there exist w € PT, a € QT satisfying v = w — «.

Correspondence between /-weights and monomials

Consider formal variables Y;ia1 (1 € Z, a € C*) and let A be the group of monomials
of the form
m=]] Y;f‘;’“(m), Ui qo(m) € Z.

i€Z,acC*
Set
_v : -1 -1
Aia = KaaqFlY;ﬂqu}/ifl,aqlY;Jrl,aql €A

A monomial m is said to be J-dominant (J C Z) if for all j € J and a € C* we have
ujq(m) > 0. A Z-dominant monomial is said to be dominant.

Let V be an integrable Z/{q(sAloo)—module. For + an f-weight of V, one defines the
monomial my = [[;cz [14,ecr Yiia; [y, ec Yljbj where

Z V(beim)zim = HdJ(aiqz) Hd}(biqz)_l.
a; by

m>0
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We denote V., =V, . We rewrite the g—character of an integrable representation V' with
finite-dimensional /-weight spaces by the formal sum

Xg(V) = dim(Vy)m € Z4.

Let us denote by M(V') the set of monomials occurring in x4(V).

By this correspondence between f-weights and monomials due to Frenkel-Reshetikhin
[FR99], the Z-tuple of Drinfeld polynomials are identified with the dominant monomials.
In particular for a dominant monomial m, one denotes by V(m) the simple module of
C-highest weight m. For example V(YroYy 442 - .- Yy 4g26-1)) is the Kirillov-Reshetikhin
module associated to ¢ € Z, k > 0 and a € C*, and V(Yy,) is the fundamental module
associated to £ € Z and a € C*.

Formula of g-characters

In general no formula is known for the g—character of a ¢-highest weight module of
Uy(slss). But in the special case of Kirillov-Reshetikhin modules, the g—character can be
explicitly given as a tableaux sum expression. For that we set for all ¢ € C* and j € Z

. _y-1 )
1 - }/jj—].,aqj}/]:aqjil'

For I,J C Z, a tableaux (T; j)icr jes is said to be semi-standard if it has coefficients in Z
which increase relatively to j and strictly increase relatively to 3.
Consider ¢ € Z and k > 0. Let 7z, be the set of semi-standard tableaux (7} ;)i<s,1<j<k
such that for any 1 < j <k,
T’i,j =1 for 1 << 0.

Theorem 4.2.19. [Her1l] We have the following formula

Xe(V(Yea - Yype-n)) = Y, mr (4.4)
TeT

where mp = Higé,lgjgk ath“uﬂ_).

4.2.6 Extremal loop weight modules

The definition of extremal loop weight modules is given in [Herll] for the quantum
toroidal algebras and studied in [Mani2c, ManI3a]. We introduce its definition in the
context of the quantum affinization Uy, (sls).

Definition 4.2.20. An extremal loop weight module on/Iq(sAloo) of L-weight m is an inte-
grable representation V' such that there is v € V,y, satisfying

(i) Ug(sl) -0 =V,
(ii) v is extremal for Ug‘(.s?loo),
(iii) Uy(sloo) s - w is finite-dimensional for all w € V and J = [a,b] C Z finite.

Proposition 4.2.21. Let m be a dominant monomial. Then the simple £-highest weight
module V (m) is an extremal loop weight module of Uy(slso).
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Proof. Let v be a f-highest weight vector of V' (m). Denote its weight by A € P*. As it is
recalled above, V(m) = Uy(sls) - v and is integrable. Furthermore v is a highest weight
vector for Z/{g(gloo) which satisfies for all i € Z,

(:E,L»_)1+>\(hi) 0= 0.
Hence L{g(.;loo) - v is isomorphic to the simple highest weight U, (sl )-module V(X), and
v is extremal of weight A for the horizontal quantum affine subalgebra.

It remains to show that for all w € V(m) and J = [a,b] C Z finite, Uy(sloo)s - w is
finite-dimensional. But there exists n € N such that J C [-n,n]| and

Ug(slog) g+ W C Uy(5loo)[nm) - 0 C Vio(m) = Uy(loo) ) - V-

As V,,((P;)iez) is finite-dimensional by Theorem [4.2.15] it is also the case of Uq(sAloo)J -w.

A

So the Uy(slo)-module V(m) is an extremal loop weight module of /-weight m. O

In this chapter we construct extremal loop weight modules of Z/{q(gloo) by fusion product
of ¢-highest weight modules and f-lowest weight modules. This process is introduced
in Chapter 3 in the quantum toroidal case, and is motivated by the original study of
extremal weight modules of quantum Kac-Moody algebras [Kas94]: in fact to study these
representations, tensor products of highest weight modules and lowest weight modules are
considered (see [Kas94, Lemma 8.2.1]).

4.2.7 Drinfeld coproduct

Let Ap be the coproduct defined by (i € Z)

Ap(af(2) =2 (2) @ 1+ ¢; (2) ® 7] (2), (4.5)
Ap(a7 () =27 (2) @ ¢f (2) + 1@ 77 (2), (4.6)
Ap(¢7(2)) = 67 (2) ® 5 (2). (4.7)

Note that this map does not define a coproduct in ‘Ehe usual sense because and
involve infinite sums and are not elements of U,(slo) @ Uy(slss) (they take values in a
completion of it). However it can be used to define a structure of Uy (sls )-module on (a
subspace of) tensor products of Z/lq(sAloo)—modules when the summations are well-defined.

Lemma 4.2.22. [FJMMI13, [Manl3d] Let V., W be Uq(gloo)—modules. LetUCV@W be
a linear subspace such that for any u € U, Ap(z](2)) - u is well-defined in U (i € Z).
Then the coproduct Ap endows U with a structure of Uy(sls)-module, called the fusion

prodAuct of V. and W. Furthermore if V and W are integrable then U is an integrable
Uy (slss)-module.

Lemma 4.2.23. Set J = [a,b] C Z finite, and assume further that for allv € V,w € W,
Uy(sloo)g-v and Uy(sl) g - w are finite-dimensional. Then the Uy(sloo)-module U satisfies
also

Z/{q<§loo)J - 18 finite-dimensional for all u € U.

The proof is analogue to the one of Lemma [1.8.3
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4.3 Extremal fundamental loop weight modules

A

In this section, we define a U, (sl )-module structure on the tensor product of funda-
mental modules

V(Yea) ® V(Y ) with £>1 and a € C*

by using the Drinfeld coproduct Ap. We obtain in that way new integrable modules
V(Ye,aYO’_alqz) with basis labelled by semi-standard tableaux of shape (¢). We show in
particular that these modules are f-extremal. We call them the extremal fundamental
loop weight modules of Z/lq(gloo).

The fusion product process used here is inspired to the one in Chapter 3 for the toroidal
case. As it is said above, the representation theory of Uq(sAloo) and of quantum toroidal
algebras are very different: the fundamental Uq(gloo)—modules are thin, which is not the
case for the quantum toroidal algebras Uy (sl!f,) (see [Herll), Section 4.1]). Let us point
out that these differences have consequences in our work: we obtain here more precise
results for the fusion product of L{q(sAloo)—modules. Another difficulty met in Chapter 3
is that the cyclicity of the Dynkin diagram associated to Uy (sl ;) bring some restricted
conditions in the construction of extremal loop weight modules (see Proposition .
We will see that it is possible here to associate extremal fundamental loop weight U, (sl )-
modules for all the nodes of the Dynkin diagram of type Ao.

In the first subsection, we give explicit formulae of the action on the fundamental
Uq(gloo)—modules, using the U, (sl )-crystal structure on the set of semi-standard tableaux.

In the second subsection, we construct the fusion product of the Uq(gloo)—modules

V(Yyq) and V(Yojalql), the action of U,(sls) being defined via the Drinfeld coproduct

(Proposition . We define a submodule V (Y}, aYOTalqe) of it, which we call the extremal
fundamental Toop weight module.

We study the L{q(sAloo)—modules V(Yg,aYOTalqe) in the third subsection: these representa-
tions are integrable with basis labelled by semi-standard tableaux of shape (¢). The action

of Z/Iq(sAloo) on it is described by the U, (sl )-crystal structure on the set of semi-standard
tableaux of shape (¢) (Theorem [4.3.10). Furthermore V(Yg,aYO*alq[) is an extremal loop

weight module of /-weight H@Y()jalq[ (Theorem [4.3.14) which is irreducible as a L{q(sAloo)_

module and as a L{é‘(sAloo)—module (Proposition |4.3.12)).

4.3.1 Action on the fundamental I/, (sl )-modules

In this section we give explicit formulae of the action on the fundamental

A

Uy(sloo)-modules V (Y;,) (¢ € Z,a € C¥).
Let 7, = T be the set of semi-standard tableaux

T = (- <ig_g <ig_1 <ig) such that i; = j for j << 0.

We endow 7, with a structure of Uy (sl )-crystal: the weight function is defined by setting

wt(T) = ZAZJ — Aij—l

Jj<t

for all T = (-++ < ig_9 < ig—1 <ig) € T,". The Kashiwara operators é;, f; are described
in terms of tableaux: for ¢ € Z we have ;- T = T’ or 0. Here T” is obtained from T by
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replacing i + 1 by . If it is not possible (i.e. when we have both 7+ 1 and ¢ in 7" or when
i+ 1 does not occur in T'), then it is zero. Similarly f; - mrp; = mqn,; or 0, where T is
given by replacing ¢ by ¢ + 1.

Proposition 4.3.1. Let £ € Z and a € C* and consider the fundamental Uy (slso)-module
V(Ysa). Then there exists a basis of V(Yyq) indexed by T, such that the action of Uy(slo)
is given by (for convenience in the calculations, we remind the complex number a € C* in
subscript)

xf(2) T = Z5{ip=i+1}5(aqi+e+1_2pz)(éi'T)av
p

w7 (2) To = > 0p—iy0(ag L) (f; - T,
p

if there exists p < £ such that

a i+€+372pz -1 T 4.8
Vlag T ip=i+1 andip1 # i, (4.8)
F2) T, = blagt ) T, if there exists p < ¢ such that
ifip =1 and ipy1 #i+1,
T, otherwise.

where T = (- < iy_9 < ig—1 < ig) is a semi-standard tableaux in 77.

In particular for all T' € 77, T, is an £-weight vector of weight mr.

Proof. This result is known for the fundamental Z/{q(sAlnH)—modules (see Theorem [2.3.12]).
We obtain the result for qu(sAloo) by inductive limit, using Theorem 4.2.15 O

We have an analogue result for the ¢-lowest weight modules. For that let 7,~ (s € Z)
be the set of semi-standard tableaux

T = (ig41 < G542 < G543 < ---) such that i; = j for j >> 0.

Then (7, ,wt, &, fi) is aly(sls)-crystal. And for all a € C*, there exists a basis of V(Y,h
indexed by 7. such that the action of U (sle) on it is given for all
T = (is+1 <i5+2 <’L.5+3 < ) 67;7 by

wi(2) Ta = ) 0p,=ip1y0(ag ™ 722) (& - T)a,
P

v (2) Ta = Z(S{ipzi}é(aqi+s+172pz)(ﬁ' T)a,
P

if there exists p > s+ 1 such that

agttst3=2p,\-1 .1
vlag T iy=i+1andiy_1 #1,

F(2) T, = blagt ) . T if there exists p > s + 1 such that
¢ if i, =i and iy # i+ 1,
Ty otherwise.

4.3.2 Fusion product of fundamental modules

Proposition 4.3.2. Let £ > 1 and a € C*. The coproduct Ap is well-defined on the tensor

product V(Y;q) ® V(Y(;alq[) and it endows it with a structure of integrable Uy (sl )-module.
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Remark 4.3.3. We have introduced a fusion product process in Section 3.2 to define new
integrable modules for the quantum toroidal algebras. This process can also be used in our
situation to show Proposition[{.3.3 We give here a direct proof of it for the convenience
of the reader. As it is pointed out above, the computations are simpler in the case of
the quantum affinization Z/lq(sAloo), stemming from the thin property of the fundamental
Uy (sloo)-modules.

Proof. Let us consider
T=(<ipo<ip1<i) €T, andT' = (j1<joa<js<-)ET, .

We study the action of z;(z) on T, @ T/ o €V Yea) @ V(Y an 0):

i (2) (Th®T! Z) E Spiy— z+1}5( L2y (5, T, ®T o
Z [1 +Otiy=i1) Ot ) ( ) +2 ) + 006, =iy 0 i, 141} ("M 2(8 T)) - 1)}
| X5{js:i+1}5(a‘ql+z+172Tz)Ta ® (éz . T/)aqé

By definition of 77 and 7, , we have r <14, s > i+1, and s —r > 1. Hence the coefficients
of the series x} (2) - (T, ® T! ql> are well-defined. The result follows by Lemma |4.2.22, []

Let us fix £ € Z. For T'= (-+- < iy_9 < iy_1 < i) a semi-standard tableaux in 7?, we
define

ar = sup{p < l|i, = p}.
Note that ar is well-defined by definition of 7?. In the same way, we define for all
T=(1<ipg<ig<---)eTy

pr = inf{p > 1]ip = p}-

Assume that ¢ > 1. We have endowed the sets ’7? and 7, with a structure of
Uy(sloo)-crystal. By the tensor product rules (see [Kas94, Kas02a]), 7," ® T, is a
Uy (sloo)-crystal. Let us denote by 7, the subset of ’77 ® T, consisting of

TeT WithT€T+,TI€76_ and ap > By — 1.

Proposition 4.3.4. The set Ty is the connected sub-Uy(sls)-crystal of 7?@767 generated
by (- <l-2<l-1<0)@(1<2<3<--).

Proof. Set T ®T" € Ty and i € Z. Let us show that & - (T'® T") € T, U {0} (the proof for
the Kashiwara operators f; is analogous). We have the following equalities

ar ifée;-T'#0and i > ar + 1,
Qe T = o

ar+1 ifi=ar+1,
By = Br ifé;-T'#0and i < B — 1,
= 5T’+1 le:ﬁT/—l

In particular oz, < ap. So & - (T ® T') belongs to T, U {0}, except perhaps when
ar = B — 1 =+4. But in that case, we have by the tensor product rules

& (TRT)=(6-T)®T =0¢c T;U{0}.
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Hence 7; is a sub-Uy(slo)-crystal of 7," @ T; . And one can show by straightforward
computations that it is the connected sub-U, (sl )-crystal of 7,7 @ 7, generated by

(<l =2<l-1<)®(1<2<3<--1).
O

Denote by V(Yvﬂai/oialqg) (¢ > 1,a € C*) the subvector space of V(Y,) ® V(Yofalqz)

generated by T, ® T;qe with T® T € T,.
Proposition 4.3.5. The coproduct Ap endows V(Yg@YO*alqe) with a structure of
Z/Iq(sAloo)—module. We call it the extremal fundamental loop weight module.

Proof. The action of 3 (2) (i € Z) is well-defined on V(Yg,aYO*alqz) by Proposition By
Lemma |4.2.22, it remains to show that z; (2)- (Ta®T, ) € V(Y&GY()Taquf) forall TRQT" € Ty

(the proof being similar for z; (z)). As in the last proof, it holds except perhaps when
ar = B — 1 =14. In that case we have

z/(2) To® Tt;qf = ¢(¢*)6(ag""2) - T, @ (& - T =0 € V(n,aYo,_alqe)

Hence the coproduct Ap endows V(l@ya%_alqe) with a structure of L{q(gloo)—module. d

4.3.3 Study of the extremal fundamental loop weight modules

Let Tj1,4 be the set of semi-standard tableaux T' = (i1 < ig < --- < iy) of shape (£).
We consider the application I : 7y — T}y o defined for all T'® T "€ Ty by

T RT)= (1 <jo < < Jap <lapt1 <+ < i)

where T' = (-++ < iy_9 < g1 < i) and T" = (j1 < jo < j3 < ---). This application is
bijective, its inverse sending 7' = (i < iz < -+ <'iy) € T4 on

(++- <0< max(i,1) < --- <max(ig,£)) @ (min(i, 1) < -+ < min(ig, £) <l+1<---).

Proposition 4.3.6. The application Il : Ty — T4 4s an isomorphism of
Uy (sloo)-crystals.

Proof. Let T = (- < iyp_o < iy_1 < ig) and T = (j1 < jo2 < j3 < ---) be semi-standard
tableaux such that T'® T" € Ty, and ¢ € Z. We have to consider the following cases
- ¢ > ap: then we have B7v < iandi,7+1 € T’. By the tensor product rules, we have

fi- (TeT)=(fi-T)T.

Hence,
) . . if there exists p > ag such that
z < <dp 1< <) o poars
H(f; (T®T)) = ip =1 and ipp1 # i+ 1,
0 otherwise
=fi - I(T®T)

1. We will pay attention that the modules V(Yg,aYofalqz) are defined here over Uy (sl ), and not over
the quantum toroidal algebras (Chapter 2 and Chapter 3).
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- ¢ < ap: then we have i,7 + 1 € T and by the tensor product rules,
fi-(TeTY=To (f;-T.
Furthermore, jo, < jay+1 — 1 = ar. Hence,
) ) .. if there exists 1 < p < ap such that
; ’ (1< - <gp+1<--<ig) S : :
I(f; - (T®T)) = ip =1 and ipp1 F i+ 1,
0 otherwise
=fi (T T
- 4= ap: then we have i + 1 ¢ T and B < i+ 1.
Assume that 877 < i+ 1. In that case, 7,7 + 1 € T and we have
fi-(TeT)=(fi-T)oT.

Furthermore af.p=ar— 1 and jo, = 7. So we have

O(f; (TT)) = (1 < < Jap—1 <i+1<igr1 < <ip)

= fi- (1 <+ <Jag—1 <i = Jag <lagt1 < - <ip)
=fi - I(T®T.

If B =i+ 1, we have i ¢ T'. By the tensor product rules we get

fi-(TeT)=Ta (fi-T") =0.
Furthermore we have ar = Brr — 1 and jo, < ar = ¢ < iqp+1. Then
i¢I(T®T)and f; - I(T®T') =0.
As the application II : T, — T4 is also bijective, this is an isomorphism of

Uy (sl )-crystals. O

Remark 4.3.7. Let us describe this isomorphism at the level of the monomial crystals (see
[Kas03, Man12d, Nak;()?] for its definition). For that denote by My the sub-Uy(sl)- crystal
of M(Ye.a) ® M(Y] ) generated by Yg a®Yy . Let us consider also M(Yé aY ) the

monomial crystal genemted by YéaY . By that we have done above, we have
MYeaY ) = fmr = ] Ly | T= (i < <o <ip) € T g}
1<5<4
and

My={mr@mp|T QT € Tp}.
In the monomial realization, I1 is simply given by the product in A
II(m1 ® ma2) = my X mg with m; ® me € My.
As a direct consequence, we have

Proposition 4.3.8. Let £ > 1 and a € C*. The Uy(slo)-module V(Yk,a%_alqe) is thin, and
we have ’

(V(na an Z mr (49)
TETl 0]

1<5<¢
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Proof. Let us recall that we have a basis of /-weight vectors of V(}anYOTalqg): it is given
by the T, ® Té . in 7y. Furthermore by and the remark above, the f-weight of the
vector T, @ T/ . is

mr X mpr = MI(TQT’)-

Hence we have

(V()/Za an Z mr.
T€ET, g

O]

Remark 4.3.9. In partzcular we have shown here that the monomial crystal M(Yy .Y, alq )
generated by Yy oY, z is closed in the sense of Deﬁmtwn

By the bijection II, we parametrize the basis of V (Y}, aY ) by the U,(sls)-crystal
T1,g- Let us explicit formulae of the action on it.

Theorem 4.3.10. The action of Uy(sls) on V(Yg,aYO*alqe) is given for all
T:(il <i2<---<’lj) E’ﬁlyg] by

i (2) T, = Z 5{Z~p:i+1}5(aq’+€+l_2pz)(éi-T)a,
1<p<t

v (2) T = Y Sa=p0(ag ™ T2 (fi - T)a,
1<p<t

if there exists 1 < p < £ such that

(4.10)
ip=1+1 and ip,—1 #1,

w(aqi+€+3—2pz)—1 . Ta

qﬁf(z) T, = Slagttms) . T if there exists 1 < p < £ such that
¢ ifiy=1iandips1 #i+1,
T, otherwise.

Remark 4.3.11. Note that these formulae are identical to the one (@ obtained for
the fundamental U, (sloo)-modules. Actually this result generalizes Theorem 2 for the
extremal fundamental loop weight modules ofuq(slffil). In fact one can rewrite the action

on V(Yg,aYO_alqe) in the context of monomial realizations: it is completely describe by the
monomial Uy(slss)-crystal M(nva%jalqﬁ) and the formulae given in Theorem .

Proof. We have shown that the U/, (§l )-module V(YY" !,) is thin. So to determine
ag

the action on this module, it suffices to know the action of the horizontal quantum afﬁne

subalgebra Z/{é”(sloo). The action of all the algebra Uq(sloo) can be deduced from it by (4

and .

So let us determine the action of a:;fo (it € Z) on V(Yg,aYo_alq,z) (we proceed in the

same way for x;,). Let T = (--- < i < i1 < ig) and T = (j1 < jo < j3 <
-+) be semi- standard tableaux such that T ® 7" € T;. Denote by (T'® T"), the vector
T.®T [EV(YM ) Then z;, - (T ® T"), is equal to

Y1 0gjemiy Ta @ (fi - T)gqe + (i - T C Y iy X

r<f,s>1
(1 + 5{jS:i+1}5{j~g—17Ai} (w(QZ(PS)H) a 1) + 5{35—1}5{Js+17ﬁz+1} (W ) - 1))

We have to consider the following cases
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- i> ap: theni,i+1 € T’. So we get
tip (T OT)a = (f; Tha® Ty = (fi- (T 1))
- ¢ < ar: then we have 7,7+ 1 € T and

T (TOT)a=To @ (fi- T = (Fi- (T T))

a

a
- i=oarp: then we havei € T,i1 +1¢ T and B < i+ 1.
Assume that 87 < i+ 1. In this case, 7,7+ 1 € T" and we get
250 (TOT)a=(fi- D)@ Tp = (i (T T)) .
If B =i+ 1, we have i ¢ T', aop = S — 1 and
2o (T@T e = (P2 "N (fi T @ Tl = (1) (fi - T)a @ Thpe = 0
= (ﬁ'-(T®T’)) .
a

So we have shown that z; ;- (T ®T"), = (fz (T® T’)) . We proceed in the same way for
a

l‘;’ro. U
As consequences of this theorem, we obtain

Proposition 4.3.12. Fiz ¢ > 1 and a € C*. Then V(Yg’aYO_alq,z) is irreducible as a

Uy (slo0)-module and as a L{‘;L(gloo)—module.

To prove this proposition, we use the following result (which is an analogue of Lemma
2.3.8)).

Lemma 4.3.13. Let B be a Uy(sl)-crystal. Assume that V' is a Uy(slso)-module with
basis (vp)pep indexed by B which satisfies

2

wt(vp) = wt(b), (7)) vy = v, and (z7)® v, = Uy (4.11)

for allb € B,i € I and k € N, where vg = 0 by convention. If the element b € B is
extremal of weight A, then the vector vy is an extremal vector of weight \. Furthermore if

the crystal B is connected, then the Uy(sls)-module V' is cyclic generated by any vy, with
beB.

The proof is similar to the one of Lemma [2.3:8] We recall it for the convenience of the

reader.

Proof. Assume that b € B is extremal of weight \: there exists {by, }wew such that byg = b
and

& by = 0 and (f;)*N") b, = by, () if w(A) (k) >0,

fi by =0and (&)"*N") b, = b, () if wA) (k) < 0.
For all w € W, set vy, = v, By (4.11) and , {vw fwew satisfies vy = vy, and
o v, = 0if £ w(N\)(hy) > 0 and (¢F ) FNRD) Ly = Vg, (w)-

)

(4.12)

Hence the vector vy, is extremal of weight A.

Assume that the crystal B is connected and fix b € B. For i/ € B, there exists a
product s of Kashiwara operators such that s(b) = b'. Consider the corresponding operator
S € Uy(slx) at the level of V, i.e. S has the same expression as s where the operators éf
(resp. fF) are replaced by (2;7)®) (resp. (z;)*) in the product (k € N,i € I). By ,
S(vp) = vyp) = v and the Uy(slw)-module V' is cyclic generated by wvy. O
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We are now able to prove Proposition

Proof. Let us consider a non trivial sub-L{;‘(sAloo)—module V of V(YgﬂY(;alqg). By the ¢—
character formula (4.9) all the weight spaces of V(}/}g@)/l;alg) are of dimension one. So
there exists 7' € 7j; 4 such that T, € V. By Lemma [4.3.13} the vector T|, generates
V(Ye aYo gt 0) imd V = V(}Q’aYojaqu). Hence V(Yg,aYo’_alqz) is simple as a Uy(slo)-module
and as a Uq (slso)-module. O

Theorem 4.3.14. Fiz { > 1 and a € C*. Then V(Yg(z _12) is an extremal loop weight
Uy(sloo)-module generated by the vector (1 <2 < --- < {), of l-weight Yy,Y, o aq

Proof. By the fusion product construction, V(}@aYO_alqg) is an integrable U, (sloo)-module.

As it is also irreducible, V(Yg,aYO*alq@) is generated by the vector T = (1 <2 < -+ < {),.
The extremality of this vector for the horizontal quantum affine subalgebra follows from
Lemma and the fact that 7" is an extremal element in 7[; 4. So it remains to prove

that for all w € V(Y Y, Z) and J = [a,b] C Z finite, uq(SAloo)J - w is finite-dimensional:
this is a direct consequence of Lemma [:2.23] O

Remark 4.3.15. Set n € N ¢ > 1 and a € C*. Let us consider the
Uy(8loo) |—n,e-4n)-modules

V(}/Kﬂ)[—n,ﬁ—i—n] = uq(gloo)[—n,f-i-n] vt and V( an )[—n,ﬁ-i—n] = uq(gloo)[—n,f—&-n} v

where v and v~ are (-highest weight vector and (-lowest weight vector of the L{q(s:loo)—
modules V (Y, 4) and V(Yo_alqe) respectively. Using the result of this section, we deduce that
Ap endows the tensor product

V(w a)[ n,l+n] ® V(YE) ,aqt )[ n,f+n]

with a structure of Uq(sAloo)[,n’Hn} -module. Let us set
V(YeaYy gt ) mitin] = Ug(sloo) = ean) - 0T @07 CV(Via) mpoin ® V(Y. gt ) [matn)-

We give some facts about the U, ( 00 ) [=n,t4n]-module V(YY" an ¢)|=n,t+n] (consequences
of the study done in this section): it is irreducible and finite-dimensional. In particular,
this is a simple £-highest weight Z/{q(sloo)[_n’un]—module. Its g—character is

Xq(v(n,a%jalql)[—n,é—l—n]) = Z mr
Te (n)[fn,f#»n]

where (T¢)[—n,e4n] 15 the finite set of semi-standard tableauz
T=(n<ii<ig<---<ipg<Ll+n+1).

The £-highest weight of V (Y7, aYo aq ¢)[=n,e+n] corresponds to the dominant monomial in its

q—character formula. It is obtained for T = (—n< —n+1<--- < —n+/{—1). Hence we
have

V(}/Z a}/O g’ )[ nl+n] — V(mT)[—n,f-l—n] = V(anJr@fl,aq_"_l)[—n,€+n]'

Then V(Y aYE) . ¢)[=n,e+n] 15 the fundamental qu(gloo)[,n,ﬁn}—module of £-highest weight

anJerl,aq n—1l.
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4.4 Tensor product of extremal fundamental loop weight
modules

In this section we study tensor products of extremal fundamental loop weight modules
V(n,ayojalqz) with £ > 1 and a € C*. We obtain new families of extremal loop weight
modules with basis labelled by semi-standard tableaux.

In the first subsection, we determine existence conditions of Z/lq(gloo)—module structure
on the tensor product of extremal fundamental loop weight modules V(Y&aYojaqu).

In the second subsection we study the case of fusion products of k extremal fun-
damental loop weight modules V(Yé,aiYoTaliqe) with generic non-zero complex parameters

a,az, -+ ,a; € C* (Theorem [4.4.3)): it is an extremal loop weight module of ¢-weight

yml...ymkyfl .yt

0,a1¢° " 7 0,akq""

In the third subsection we treat the case of fusion products of extremal fundamental
loop weight modules when parameters are chosen non-generic. More precisely we consider
the fusion product of vector representations V(YMYOTalq) when the set of parameters forms
a g-segment {a,aq= 2, - ,aq 2*D} (k € N*, a € C*). We recover in that way all the
extremal fundamental loop weight modules (Theorem . Furthermore we obtain also
new extremal loop weight modules (Theorem of /-weight

-1 —1 —1
Yg’aq4+1 ngfu:s e n7aq4+1+2k YO,anO,aqS . }/E)’aqlJrzk.

4.4.1 Existence conditions

Set £ > 1. Let us consider the tensor product

V(YeaYy ) ©V(YepYyoh,) with a,b € C*.

We determine when the action of U, (sls) is well-defined on it.

Proposition 4.4.1. (i) The action of Z/lq(sAloo) is well-defined on the tensor product
V(YeaYy o) © V(YY) if and only if

a _ _ _
5 §é {q 2K+27q 26—"_47"' 7q2€ 2}'

(ii) Assume that % = ¢~ %. The module V(YMYOT; ) ® ‘/'(YQJ,YO_1

o ’qu) has a submodule

spanned by vectors of the form
T, ® Ty, with iy < jy

where T = (i1 < -+ <'iy) and T = (j1 < --- < jy). The submodule and the quotient
module are irredgcible and thin.

(iii) Assume that 3= ¢**. The module V(l/'@aYOTalqg) ® V(Yg,bYOsz,g) has a submodule
spanned by vectors of the form

T, ® Té with 1p < j1

where T = (i1 < -+ <ig) and T" = (j1 < --- < jo). The submodule and the quotient
module are irreducible and thin.
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(iv) In all other cases, V(Y3,Y ') @ V(Yi,Y,

0.aq" Obg) is a thin, irreducible
Uy (sl )-module.

Remark 4.4.2. This result generalizes the one for the (specialized) vector representations
of Ug(sl?T 1) (n > 2) given in [FIMMI3, [Mani3d).

Proof. Let T, T’ E T and a,b € C*.  We determine the action of z;(z) on
To® Ty € V(YY) )®V(ng 0H): it is equal to

> 5{js:i}5(bql+g+1_25) Ta@ (fi- T+ Y. S—pd(ag 177

1<s<t 1<r,s<¢8
< (14 s, ey (B0 1) 4 a0y (950 1))
X(fl : )a X Tb‘

So the action of the operators x; (2) is well-defined on V(Y .Y, ) Q@ V(YepY, 0.q ! ) if and
only if
% + qQ(T_S) forall 1 <r,s </

a
or in an equivalent way, 3 ¢ {q7242 ¢ 24 ... ¢*72}. We proceed in the same way for
the 27 (). We obtain the first assertion by Lemma [4.2.22

a
Now assume that 7= g~ 2¢. Let us consider the subvector space V of

V(}/ﬂayvoaq )®V(nb Obq)

spanned by vectors of the form
T, ® Ty with i1 < jy
where T = (i1 < ---<ig)and T = (j1 <---<jg). Leti € Zand T = (i < ig < --- < iy),
T = (j1 < -+ < jy—1 < 1) be semi-standard tableaux. We have
77 (2) Ta @ Ty = 8(aq™ )T @ (fi - T + 8(ag™ T 2)0 (@) (fi - T)a @ T
( z+€+1)T ® (,]Ez . T/)b)
2 1(2) - To @ Ty = 6(ag"™ " 12)(Eim1 - T)a © Ty + 8(aq™ 1 2) (1) T © (Eim1 - T g
= (a2 (G T)e O T
By these computations, V is a sub-U (sl )-module of V(YeaY,, agt L)@V (VY 0.q L), We

proceed in the same way for the third point. The thin property and the 1rredu(:1b1hty of
the modules in (i), (i73) and (iv) follow by straightforward computations. O

4.4.2 The generic case

Let us give a first result about the tensor product of extremal fundamental loop weight
modules when the non-zero complex parameters are chosen generics.

Theorem 4.4.3. Let{ > 1, k € N* and ay,--- ,ar € C* be such that Z—; %1 and g—; £ ¢+
for all it < j. Then the tensor product of extremal fundamental loop weight modules

V=V (Yo Yy ) ©V(Yea Yol )@ @ V(Yo Yy L o)

is an irreducible extremal loop weight module of Uq(sAloo) of £-weight

- —1
}/E,al e n,aki/o a1q : }/;)ﬂkqg.
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Proof. As a direct consequence of Proposition the Z/lq(:;loo)—module V' is irreducible.
Furthermore as V(Yf,ajyo,ajq@) are extremal loop weight modules for all 1 < j < k, there
tensor product V satisfies the third condition of Definition . Eventually for T' € T} 4,
set T' = f;- T and T"” = &; - T. We have for all i € Z (see the proof of [Man13a, Theorem
5.3])

and
(xj,_o)(k) Ty @+ QT :T(;/1 ®"'®Tg,€.

The extremality of (1 <+ < ¥)g, @+ @ (1 < --- < {)g, follows. O

4.4.3 The non-generic case

Let us consider the extremal fundamental loop weight module V(Y1,aY0Ta1q) (a € C¥)
of Uq(gloo). This module has a basis labelled by the tableaux

T,=|; | withjeZ

Furthermore the action of U, (sl) is known, given by

x:’(z) . a = (51'7]'_1(5(@(]]'_12’) -1 "
wi(2)[5], = digola’s) [l

Y(agiz) .a if i =j,
o) ], = (el [s ] =g,
a otherwise.

We denote this module V(a) in the following. It is defined in [FJMMI13, [Mani2c,
Man13a] with different methods for the quantum toroidal algebra Uy (slf?r,) (n > 2) and
called (specialized) vector representation.

For all £ € N* and a € C*, we consider the tensor product of vector representations

V(a) ® V(aq*Q) Q- ® V(aq—Q(k—l))'

By Proposition the coproduct Ap endows this tensor product with a structure of

Uy(sloo)-module. Let us give a first result about it (the proof is exactly the same as
Theorem and is not recalled).

Theorem 4.4.4. The Uy(sls)-module V(a) ®: - ® V(q,m,l)) is an extremal
loop weight module of £-weight

-1y -1 —1
Yl,aYVLCLq_Q e le7aq*2(k*1)}/0 Y 10" Y

,aq ™ 0,aq~ “10,ag—2(k—1)+1"
Denote by V : the subvector space of V(a) Q- ® V(aq—Q(k—l)) gen-

[+ L,
i |, @[ [ e® @[ |, sy with it <ip <o <.

erated by
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Proposition 4.4.5. The coproduct Ap endows the vector space V : with a struc-

I

ture of thin Uy(sle)-module.

Proof. The action of the x;t(z) is well-defined on it by Proposition It remains to
show that for a vector

1): ®- ®l —a(k—1) with i1 <o < -+ - < i,

x,ft(z) -v €V for all i € Z. This is a consequence of the equalities

oL el = e oue) (o[-0, o
oLl e[, = 6<aqz>w<1>*l-i+1a® =0 |

Eventually these modules are thin, the weight of the vector Q& aqﬁ(kﬂ)
being completely determined by the sequence i1 < ip < --- < ik.

Theorem 4.4.6. The U, (sloo)-module V =V : (¢ > 1,a € C*) is isomorphic

L],

to the extremal fundamental loop weight module V(Yy qq—t+1 Yojalq).

Proof. Let us define the morphism of vector spaces f : V(}/Z’aq—brl Y0.0¢) — V by setting

= a ® Q- ® aqu(lfl)

for all semi-standard tableaux T' = (i1 < 2 < --+ < ig) in T[; 4. Hence defined f is an
isomorphism of Z/{q(gloo)—modules: this follows by straightforward computations. O

Proposition 4.4.7. Fiz a € C* )k € N* and {1,0s,--- ,f, > 1. Then Ap endows the
tensor product

v QV R RV :

a aq72e1 aq72(81+"'+[k—1)

with a structure of Uq(sAloo)—module. Furthermore, it has a submodule isomorphic to

%4 with £ =01 + 4y + -+ + £,.
Le],

Proof. By Proposition the action on the tensor product is well-defined. Furthermore
let us consider the subvector space generated by vectors of the form

igl) R Q Z-Z) ® ig2) R ® iéz) R ® igk) R Q| (k)

£k

with igl) << z§ ) < z§ J << zg) < < igk) << zg:) It is by definition the

submodule V | of V(1 ]) & @V({(1 ]yae-n) with =t +--- 4+ 4. O
.
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Set £,k > 1 and a € C*. Let us consider the tensor product V of vector representations

VL) e oV 1)@ V(1] 20-0) @ @ V(1L 2e-n)-

Let Tigx,k be the set of semi-standard tableaux T' = (Ti;)(ij)e[1,gx[1,k]- Lhen
(ﬁl,g}x[l,k],w‘c,éi,ﬁ) is a Uy(slo)-crystal [Kas02a]. To a tableaux T' = (T} ;) € T1ex[1,4]>
it corresponds a vector Ty, in V, defined by (we read the tableaux from top to bottom and
from left to right)

Ta = a - ® aq—zu—l) ®-® aq—z(l—k> ®:® aqfwfk)‘

Denote by T°¢ = (T;;) the semi-standard tableaux such that T;; = ¢ for all
(7)€ [1, 4 x [1,k]:

1 1

Te =

£ £

Let V(T?) be the subvector space of V' generated by vectors T, with 7' € T[LK]X[LIC]'

Proposition 4.4.8. Set {,k > 1 and a € C*. The coproduct Ap endows V(TS) with a
structure of thin Uy (sl )-module.

Proof. Let T' = (T; ;) € T1,0x[1,k be a semi-standard tableaux. We have to show that for
all s € Z, x5 (z) - T, is also in V(T). Actually it suffices to consider the following cases:
- if T is such that there exist 1 <7</ —1 and 1 < j < k such that

T@j =sand Ti,j+1 =5+ 1.

Then by (4.13), z; (2) - Ty, is in V(T).

- if T is such that there exist 1 <i < /fand p > 1,1 < j <k — p such that
Tij=Tijs1 =" =Tijp=sand Tijipp1 > s+ 1.

Then the fact that x; (z) - T, belongs to V(TY) is a consequence of the following

equality in V(a) ®-® V(aqu)
x5 (2) .a QR ® anP = 5(aqs+2pz)a R ® aqg(pfl) ® anP'

We proceed in the same way for the operators z} (). O

Theorem 4.4.9. Set .k > 1 and a € C*. Then V(TY) is an irreducible extremal loop
weight Uy (slos)-module of L-weight
e = gt Viagtss Vi ggmensnion Yo Vo b Yol

Proof. Let us recall that the semi-standard tableaux

1 1

T =

I3 I3

is an extremal element of the U (sl )-crystal Tp gx(1,k) of weight kA, — kAg. Furthermore
we have

w. T6 = {T = (E:j)(@j)e[lve]x[lvk]‘Ti’l = E,Z = =45k fOI‘ all 1 S /) S E}
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Using the equalities (s € Z)

(@)™ [ ], ®-® aq2<k71) = a - aqzuc—lw
(x;r—l,())(k) . (z Q- aqz(k—l) = , Q- ® qQ(kfl)’

we get
oF T, =0 and («F ) EUDGD) T = §(T), if + wt(T)(hs) > 0

for all ' € W - T€. Then the result is a consequence of the following Lemma. O

Lemma 4.4.10. Let V be a Uy(slo)-module with basis (vp)pep indezed by a
Uy(sloo)-crystal B. Assume that b¢ € B is extremal of weight X € P and for all i € Z
and b e W - b°,

wt(vp) = wt(b), - v, =0 and (¢F )FEVUO )y, — v,y if £ wt(b)(hi) > 0.
Then vpe is an extremal vector of weight .

Proof. The proof is analogue to the one of Lemma [4.3.13 O
4.5 Application to quantum toroidal algebras

tor

The quantum toroidal algebras Uy(sl;’y ;) (n > 2) were introduced by Ginzburg-
Kapranov-Vasserot in type A |[GKV95]. They are quantum groups analogs of elliptic
Cherednik algebras [Che95] to whom they are related via Schur-Weyl duality [VV96]. Ex-
tremal loop weight modules have been defined in the context of U, (slt} ;) in Chapter 2 and
Chapter 3. The main motivation is the construction of finite-dimensional representations
of the quantum toroidal algebras at roots of unity.

A combinatorial link between the representation theory of L{q(sAloo) and of quantum
toroidal algebras is conjectured in [Herll]. This conjecture is proved for the class of
Kirillov-Reshetikhin modules. The main motivation in [Herll] is to predict g—character
formulae for representations of Uy (sIi} ;).

In this section, we prove [Herll, Conjecture 5.3] for the particular family of extremal
fundamental loop weight modules of L{q(sAloo): by the combinatorial link highlighted in
[HerId], they are related to Uy (sl ;)-modules defined in Chapter 3. The aim is to con-
struct extremal loop weight modules of Uy (sl ;). We show that we recover the extremal
fundamental loop weight modules constructed in Chapter 2 and Chapter 3.

In the first subsection, we recall some definitions about the quantum toroidal algebras
Uy (sl 1) (n > 2) and its combinatorial link with Uy (sl) conjectured in [HerIT).

In the second subsection, we prove this conjecture for the class of extremal fundamental
loop weight modules of U, (slo) (Theorem . We recover in that way the extremal

fundamental loop weight modules of U, (sl ) constructed in Chapter 3 (Theorem [4.5.4)).

4.5.1 Reminder about quantum toroidal algebras

Let us recall the definition of the quantum toroidal algebra Uy (slfr;) (n > 2). Set
In =7Z/(n+1)Z. Let C = (C;3);5¢;, be the Cartan matrix of type A,(zl),

Cii=2, G = Cqy = —land G = 0if j # 0,7 £1.
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The algebra Uy (sl ;) is defined by the same generators and relations as in Definition
[4.2.10) with 7,7 € I,,.

The representation theory of Uy(sl’;) is similar to the one of Uy(sls): the simple
integrable ¢-highest weight modules are parametrized by Drinfeld polynomials. In partic-
ular, the Kirillov-Reshetikhin modules can be defined in an analogue way. One defines
g—characters xq,(V) as above for integrable representations V' with finite-dimensional
{-weight spaces: it is a sum of elements in A,,, where A,, is the group of monomials of the
form

43,4 (M)
m= ][ Yoo u; (M) € L.
Eeln,aE(C*

Consider the ring morphism
On Z[Y;il]zel acC* —7 Z[YZ o ]zeln,aec*
defined, for i € Z and a € C*, by
¢n(Yzil) = ngzll-

Let Im(xq4) (resp. Im(x4,n)) be the image of the Grothendieck group corresponding to
the category of integrable L{q(gloo)—modules (resp. integrable Uy (sltl,)-modules) belonging
to the category O. The morphism ¢, gives rise naturally to a group morphism

¢+ Im(xg) — Z[[Y5l;

i,a i€l ,aeC*"

More precisely, one can show that ¢, (Im(x,)) C Im(x4,,) by using the characterization
stated in the proof of [Her11, Theorem 4.2]. Hence for V a l/, (§l )-module in the category
Oint, ¢n (xq(V)) is the g—character of a representation of I, (sln ’I'1), which is a priori virtual.
It is conjectured in [Herll] that

Conjecture 4.5.1. Let V' be a simple representation in Oy for Uy(sleo). Then ¢n(xq(V))

is the q—character of an actual representation of Uq(slfﬁl).

This conjectural link between the representation theory of L{q(sAloo) and the one of
quantum toroidal algebras is proved in [Herll] for Kirillov-Reshetikhin modules. In the
following section, we give one of the main results of this chapter: we prove Conjecture
in the context of extremal fundamental loop weight modules of Uy (sls).-

4.5.2 Extremal loop weight modules for quantum toroidal algebras

Let us consider the extremal fundamental loop weight module V' (Y, aY agt ) with £ > 1
and a € C*. Recall that we have determined its g—character: it is given by

(V(na an Z mr
TETl )

where Tj; ¢ is the set of semi-standard tableaux of shape (¢) and

H aq5+1 25

1<5<¢e

Furthermore, we have shown that

{mr|T € Tyt = M(YeaY, an 0)-
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Let us consider the ring morphism ¢, : Z[Yi licz,accx — Z[Y It cannot

i,a ia ]zeln,aE(C*'
be extend to an application Z4 — ZA». However, ¢,, gives rise to a well-defined application

MY, Y
£,a ) ZA

On L

Actually by definition of the monomial crystal M (see [Kas03, [Man12c, [Nak03]), ¢, can
be defined in all its connected components.

Proposition 4.5.2. ¢, (Xq(V(Yg,aYO_aqu)D is the g—character of a virtual representation
of Uy (sl 1)

Proof. We have to check that ¢, (Xq(V(Yg aYo gt ))) respects the following characteriza-
tion (see [Herlll Theorem 4.2])

it is an infinite sum of elements in Z[Y5 (1 + A~ aq) j[l]ae(c* 7 for each 7 € I,
Actually, it suffices to check the analogue property at the level of the U, (sl )-crystal
M(Y,, aY ) this holds by the description of it given above (see Remark |4 D O

Let us give one of the main results of this chapter.
Theorem 4.5.3. Assume that n > 2 s such that
. n+1
(n is even and £ <n+1) or |n is odd and { < ) (4.14)

Then ¢y, (Xq(V(Yé aY_lz))> is the g—character of an actual representation of Uy(slt],).
We denote it V,,(Yy,.Y, an 0)-

This result confirms Conjecture in the context of extremal fundamental loop
weight modules.

Proof. This is a consequence of Proposition In fact if (4.14] - ) holds, we have shown
that there exists a sub-U (sI1])- module Vi (Yg Yy gt ! ) of the fusion product of specialized
vector representations with basis labelled by the set T1,q of semi-standard tableaux of
shape (¢). Furthermore for all T € T}y 4, 1o, is an (- Welght vector of (-weight ¢, (mr). The
result follows directly. O

The main motivation of this study is the construction of extremal loop weight modules
for Uy (sl ). Actually we have

Theorem 4.5.4. [Manl3d]
(1) Assume thatn > 2. Then V(Y1 ,4Y, aq) s an extremal loop weight module of £-weight

le7CL}/O,aq'
(it) Assume thatn = 2r+1is odd (r > 1). Then V, (Y, 41 aYo_aqu) admits an irreducible
quotient which is an extremal loop weight module of £-weight YHLaYofalqu.

Remark 4.5.5. In the other cases, the representations Vn(Yg,aYO_aqu) are not L-extremal
(see Chapter 3).

2. Tt is denoted V in Chapter 3.

k






Chapter 5

Further possible developments

In this chapter we construct an extremal loop weight module for the quantum toroidal
algebra of type D4 with the features we developed in Chapter 2 and Chapter 3. This is
the first example of such module in type different to A. And one can sensibly attend to
get analogue results for general quantum affinizations in further developments.

In the first section, we construct the fusion product

V(MY ) @ V(e oYy L)
of the simple (-highest weight module V (e*1Y; ,) and the simple /-lowest weight module
V(e‘AO}f()Talq2) (a € C*) (Proposition .

We study this fusion product in the second section. In particular we show that we
obtain in that way an extremal loop weight U, (g"")-module (Theorem . By special-
izing the quantum parameter, we get finite-dimensional representations of the quantum
toroidal algebra of type Dy at roots of unity (Proposition .

In the third section, we discuss further possible developments of this thesis.

5.1 Extremal loop weight modules in type Dy

5.1.1 Fusion product construction

We use the fusion product process developed in Section 3.2 to construct extremal loop
weight modules by tensor product for U, (g'°") with g the simple Lie algebra of type Dy
associated to the Dynkin diagram D.

We consider the tensor product

V(eMYi,) @ Ve oy 1)

0,aq?
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of the simple (-highest weight module V (e1Y; ,) and the simple (-lowest weight module
V(e‘AUYO_a1q2) (a € CY).

Proposition 5.1.1. The coproduct Ap endows V(eY:,) ® V(e_AoYofalqﬁ with a struc-
ture of Uy(g'")-module.

Proof. Fix i € I and let us show that the action of the operator x; (2) is well-defined on
this tensor product (we proceed in the same way for z; (z)). The proof is similar to the

one of Theorem Actually we have to show that the infinite sum (3.5)) is well-defined
in our situation. For that we study the g¢characters of V(e*Y],) and Ve Moy L ).

0,aq?
They can be computed and we check that in the sum (3.5)),

1
A€ =(N+q¢'Z[g7']) and A\ € a(-N+ ¢ 'Z[¢7]) ifi=1,
A€ a—(N+ ¢ 'Z[g71]) and Ay € ag(-N+ ¢ 'Z[g7Y]) ifi =2,
A_ € W(N +q *Z[qg7Y) and Ay € a(—N+ ¢ 'Z[g7!]) if i = 3,4,

A€o (Nt ¢ Z[gY)) and Ay € ag®(-N+ ¢ 1Z[¢"Y]) ifi=0,

and A_ - A # 1 in all the situations. Hence the action of mli(z) is well-defined on
V(eMYi,) ® V(e*AOYOjalqg). Then V(erYi,) ® V(e*AOYO’_aqu) can be endowed with a
structure of U, (g'")-module by Lemma m O

5.1.2 Study of T(ewlYLlYqug)

Let T(ewlYlvaYOT;qg) be the sub-U,(g'")-module of V(eM1Y,) ® V(e‘AOYOTaqu) gener-
ated by v = v¥ ® v~ where vT (resp. v7) is the f-highest weight vector of V(e1Y;,)

(resp. the ¢-lowest weight vector of V(e*AOYO7aq2)).

Theorem 5.1.2. The U,(g"")-module T(ewlYl,a%falﬁ) is an extremal loop weight module

generated by the vector v of £-weight ewlYLaYO_;(]Q.

Proof. The Uy(g'")-module T (ewlYLaYO*alQ) is cyclic and integrable (Lemma [1.8.3). Let
us show the third point of Definition m For that, denote by 6 the automorphism of
the Dynkin diagram D corresponding to a rotation, such that

6(2) =2, 9(1) =0, 0(0) = 3, 6(3) = 4.

It defines naturally an automorphism (also denoted by ) of the quantum toroidal algebra
U,(g""). By restriction, it gives an isomorphism of algebras between all the vertical
quantum affine subalgebras I/{;’j(slf{’il) for j = 0,1,3,4. So to prove the third point of
Definition it reduces to show that U27(g"") - w is finite-dimensional for all w €
T(ewlYLaY(;aqz) and j = 0,2 (the other cases j = 1,3,4 can be deduced from the case
j = 0 by applying 6). We proceed as in the proof of Proposition m The main point
is to show that the set {u € wt(V(erY1,))|u(d) = k} is finite for all k € Z. It can be
seen by straightforward computations from the g—character of V(eAlYl,a). The last case
we have to consider is for j = 2. We have

U2 (ghr) ~ Uy (sla) x Uy(sla) x Uy(slz) x Uy(sla)'.

Then in that case it follows directly from the integrability of T(ewlYl,aYo_aqu).
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It remains to show the extremality of v = vt ® v~ for the horizontal quantum
tor

affine subalgebra Z/{é1 (g""). One can process as in the Appendix for the Uy (sl}¢];)-module
T(e™! YlyaYojalq), by straightforward computations. We do not detail the calculations. [

The U,(g"")-module T' (€w1Y1,aYOTa1qz) is the first example of extremal loop weight mod-
ule in type different to A.

The U,(g"°")-module T (ewlYlleoqu) can be defined from a monomial realization of
B(w1) as in Chapter 2. More precisely, consider the monomial U, (§)-crystal M (e™! Y1’1Y0Tq12).
By [HNOQ6], it is isomorphic to B(ww1). And one can show that the U, (g"°")-module defined
from this crystal and the formulas is isomorphic to T(ewlYLlYOTqé).

As for the extremal fundamental loop weight U, (sl )-modules, T (ewlYLlYO—qlg) is

an irreducible U, (g'°")-module. Furthermore, Res(T(ewlYLaYo_alqz)) is isomorphic to the

extremal fundamental weight module V' (w) over Uy(§).
We show that the map 74 _5 : M(ewlYLlYO*qu) — M(ewl}ﬁ,lYofqg) defined by

mo.-s(e* [T Vi) = & [T ¥gls

is a Pg-crystal automorphism. This shift automorphism is related to the existence of
finite-dimensional representations of the quantum toroidal algebra U (gi°")’ at a root of
unity e. In fact by specializing ¢ at a root of unity in the representation T(ewlYLaYOTalqg),
we show that

Proposition 5.1.3. Set L > 1 and assume that € is a primitive [6L]-root of unity. There

is an irreducible U (g'") -module T (e® Yl,aYO_alqg)€ of dimension 8L.

5.2 Further possible developments

In this section, we give some promising directions for further developments of this
thesis.

One of possible perspectives is the construction of extremal loop weight modules for
general quantum affinizations. Let us give some results which could help us to do it.
In the construction done in Chapter 2, monomial realizations of crystals and promotion
operators have a crucial role. Furthermore the same ingredients appear in the example
above in type Dy4. Actually, some related results are also known in other types.

— The monomial realizations of extremal fundamental weight crystals are explicitly
described in [HNO6] and the automorphisms z; are determined for all the quantum
affine algebras of non exceptional types.

— there exists symmetry property for crystals arising from automorphisms of the asso-
ciated Dynkin diagram (analogue of promotion operators in type A). Using that, a
combinatorial process allows to obtain Kirillov-Reshetikhin crystals from crystals of
finite type (see [FOS09, KKM™92, [OS08]). This symmetry property will be useful
for a similar construction of extremal loop weight modules in other types.

It could also be interesting to discuss the existence and uniqueness of promotion op-

erators for all the extremal weight crystals, in the spirit of [Shi02].

tor

Let us recall that the quantum toroidal algebras U, (sl}’] ;) are in Schur-Weyl duality
with the elliptic Cherednik algebras [VV96]. So another possible direction could be to
study the finite-dimensional representations of Cherednick algebras at roots of unity ob-
tained from the finite-dimensional representations of U (sl ) defined in Chapter 2 and
3.
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In a more long term, one of the main perspectives of this thesis is the understanding
of the category of finite-dimensional representations of the quantum toroidal algebras at
roots of unity. We have obtained here some irreducible finite-dimensional representations
of the quantum toroidal algebras. The first and difficult question is to know if there are
other ones, or if we get here all the simple objects of this category. As it is already the
case for the quantum groups and the quantum affine algebras, the consequences of such
results could be numerous with fruitful applications.



Appendix A

Monomial crystals

In this Appendix, we describe the monomial crystal

NA 2 -1y —1 2 ") —1vyv -1
M(E1Y11Y1,1Y5,5 Yo ) = P MYV 1 4sY5 Yo Las)-
seN

More precisely, we represent the two connected components M(€2w1Y171}/17_1§/0T21 Y(fol) and
/\/l(ele+5Y1,1Y17_5Y0T21Y6j_14) of ﬂ(eleY171Y1’_1Y07_21Y0T01). Recall that all its connected
components are isomorphic to each other modulo shift of weight by §. Furthermore the
map 74,25 is an automorphism of these crystals and we only give a part of them. The full
crystals are obtained by applying the automorphism 74 _os. The sub-Ip-crystals

Moo= MpY11Y1,1Y55Y50)

and

Moo1 = M (YiaY1 55, Yo 1) & Mp (Y V15Y20Y06)

are explicitly given.

Note that the #-twisted automorphism ¢ of ﬂ(eleﬂ,lYL_lYOTQIYEOI) can be viewed
as a descent of one diagonal in these crystals.

We refer to [Manl2b] for another description of the connected component
M(€2W1Y1,1Y17—1%T21Y6’_01) of ﬂ(eleY1’1Y17_1%j21Y(')’_01): this monomial crystal is rewrit-
ten in another way, and the f-twisted automorphism ¢ of M/(e**1 Y1,1YL,1Y07721Y0T01) ap-
pears as a rotation. We present also in [Man12b| the link between M (e2%1 Y171Y1,_1Y0f21 Yofol)

and the Uq(§l4)’ -crystal By(2A1)a.g (associated affine Pg-crystal obtained from the finite
U, (sly)-crystal Bo(2A1) and promotion operator).
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O/ _ -
=z ~ -
2 —1y,—1
e wlYIJYL—lYUQ 0,0 -
\ 0_~ -
=z~ -
-1 -1
Y1,3 YI,—1Y2,2Y0,0 _ -
/ \ 0o i
z -
—1x—1 —1 -1
Y 31 Y22Y20 Yi,1Y5 4 Y33Y( 5
1y —1 -1 -1
Y 1Yy, Y20Y33 Yi,1Y55 Y04Y) 6
Yy Y Ys Y Y Ve oVl Vs
24422 %3,343,1 1,1 12,0435 10,4
iy — —1 -1
Y2,2 Y3,5 Y3,1Y04 YL5Y1,1 Y2,0Y0,6
Vi Vi You Y Y15 Ve Vi
35 13,340,410,2 1,56422 13,1406
—1~x,—1 -1 —1
Yi5Y335 Y56 Y02 Y7 Y26Y55 Y31
z -
1y —1 -1 —1
Y175Y1,3Y0,6 YE)A Y7 Y2,6Y3,3 ¥0,2
0o _ - - \
<" Yy Vs ViV
2,8 13,7433 10,2
0_ -~
=z~ -

The Uq(§l4)—crystal M (e?™1 Y1,1Y1,—1Y()7_21YZ)T01)-
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—1y -1
ezwﬁ(sYMYI,—E) 0,2 Y0,—4 -

The U (sls)-crystal M(e2™1H0Y1 V1 _5Yy5 Yy Ly).






Appendix B

Action on the U (sl!’")-module
T<€w1Y1,aYO,_a1q)

The Appendix is devoted to the proof of Proposition [3.2.15] = We study the
Uy (slE2] 1 )-module T(ewlYljaYOTalq) (a € C*) and we determine the action of the quan-
tum toroidal algebra on it. It proves Conjecture [3.2.13| for the particular case s = 1 and

¢ =1,n (see Proposition |3.2.16]).

Let V(e*Y],) (resp. V(e‘AOYOTalq)) be the simple ¢-highest vs;eight Uy (slE27 | )-module

of (-highest weight e*1Y; , (resp. the simple ¢-lowest weight Uy (sl )-module of (-lowest
weight e‘AOYOTalq). Recall that T’ (ewlYl,aYOTalq) is defined by

T(e'Y1,0Yy ) = Ug(siZy) - (UYM ® Wy -1

0,aq

) C V(M) ® V(e My )

where vy, , (resp. wy -1 ) is the (-highest weight vector of V(Y] ,) (resp. the f-lowest
’ ,aq
weight vector of V(e*AOY(')’_alq)).

To simplify the notations, one can assume in our computations that a = 1. The
other representations T(ewlYl,aYOTalq) can be obtained from T(ewlYl,lYOqu) by twisting
the action by t,. We will denote variables Y; . only by Y;; in the following (i € I, | € Z).
We still use the modulo (n + 1) convention: for all i € Z, we set i (2) = a:%t(z) and
Yiu =Y.,

To study the action of Mq(slf{ﬁl) on T(ewlYLoYO’_f), we determine the action in each
L{q(glg)’ -direction on the met vectors. Let us justify some computations done in the fol-
lowing. We will have to study L[q(glg)’ -modules generated by ¢-highest weight vectors of
(-highest weight of the form Y; or VY, (I,m € Z,l # m). By the theory of Weyl mod-
ules [CP01], these representations are known: they are isomorphic to the simple ¢-highest
weight Uq(sAlg)’ -modules of ¢-highest weights Y; and Y;Y},, respectively, which are thin. We
will use this fact in our computations. In particular we will see that the Uy (sl )-module
T(e™ YLOYO’_ll) is also thin. We will determine a basis of /-weight vectors of T'(e™! Yl,oYofll),

indexed by its set of (-weights M(T(ewlYl’OYojll)).
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Let us consider the action on the vector vy, ; ® wy.—1: we have
’ 0,1

zg(2) (UYLO ® wYO_ll) = 6(2) vy, ® Wy, Y 1,1
zy(2) (UYLO ® wyojll) = 4(q2) Uy Yan ® Wy b
zE(z) - (UYLO ® wY011) = 0 in all the other cases,

+ .
where we set Uy 1Yy 2V =Ty Vy;, and Wy vy dyp o1 = L0,0 Wyl

We have to determine the action on Uy Yy Ve ® Wy, it is given by

+ _ 2
zy (2) - (UY0,1Y1,21Y2,1 ® wYo,f) = Y(q°2)0(2) - VoY i Van ®@ w Wy vy ey
2
= ¥(q7)d(2) - Yy, 1Y, Yo Qw Y oYsoYo, 1 0,
2 2_\—1
= §(¢°2)Y(q°2) 'UY0T31Y2,1Y3,2 ® ’LUYOT11

= 5(¢*2)p(1)7 L. Uy, Y21y32®wy 1 =0,

g (2) - (”YO 1Y, Yan ® Wy

_ 2. .
= (¢°2) VoY Y ®wY0711,

5

xQ_ (Z) ' (UY071Y1,21Y271

= 0 in all the other cases,

xi"(z) . (vYO Y Yo ) = 4(qz)- Vyy o ® wYOTll,

+
L (Z) (YO 17, Y2,1

where we set Uy Ve Yaz = £0.0 " Vo1 Van and Uy Yy d Voo = 2,0 Uy Yy Van -

These formulas generalize by induction: we show that for all 7 > 1, we have

+ — J
zT(z)- (v ® wy—1 | = 6(¢?z)v —1 & Wy, —1
J ( ) < Y0,1Y; J+1Yj+1,j YO,l) ((] ) Yo1Y; 5 ;Yj-1 Yo1°

- _ J+1,
mﬁ'l(z) (vYO 1Y; ]+1Yj+1,j © wY0,11> 5( )UYO 1Y+1 G2 Yit2,5+1 ® wYojll’ (B'l)
+ Cn
z; (2) (”Yo Y Y ® waO’f) = 0 in all the other cases,

where we set vy, To show (B.1]) similar computations

1Y z+1Yi+1,i - H'l 0 UYO 1Y; z+1Yi+1,i'
as above can be done, except for vectors of the form

v and v ke N*
Yo,1Y, k(n+1)YO E(n+1)—1 Y0,1Y, k<n+1>+1Y1 k(n-+1) ( )

for which it is more complicated. Let us explain more precisely what it is happening for
them.

Let us begin by the particular case n = 3 and k = 1. Then Uy VYo, Yi Yo is isomorphic
L3, )
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to the Kirillov-Reshetikhin Z/lq(:;lg)’ -module of ¢-highest weight Y( 3Y0 ;. Hence we have

4
xa—(Z) . (UYO 1Y5 ' Yo,3 ® wYo,ll) - w(qu)w(q 2)9(2) 'UY0a1Y3T41Y073 ow Y REY 1Y0 -1

= P(*)¢(g")é(z) - Uy 1Y, [ Yos ® Wy Yoo Yo 1 T 0,

_ 4 2. \—1
Ty (Z) ‘ (UYO 1Yy Y03 - 5((] 2)1/1((] Z) ‘ UYUJYOT;YlA ® wY0T11

4 —2y—1
= 5((] Z)d)(q ) : UYO,IYOT;YIA & wYOTll’
= 0 in all the other cases,

(). — 3.
z3 (2) (UY0,1Y3,41Y03 ) = (¢°2) vYo,lY{;Yg,z@wYOTf’

+
r;(2) - (UYO 151 Yoss ® Wy,

where we set UY0,1YOT51Y1,4 = To,0 " Yy, 1Y 4 Y03

We determine the action on the vectors vYo,1Y0f51Y1,4 ® wYOTll'

n _ —2\5( A
7 (2) - (UY0,1Y0?51Y1,4 ® wY(ﬂl) = vla)z) Y¥0.0Y5 Yo.s ® g
2 6\—1
+(q°)Y(q”) 5(2)'Uy0,1y3*£y03 ®w Y 0 Y50 Y01

— 4
= (g 2)d(q%2) - VYo Yy Yo @ Wyl

- _ 2 2 \—1

Lo (Z) ’ (UYO 1Y Y1 4 ® wYO’f) - 5(q Z)'l/](q Z) UY IY 1Y1 4Y1,2Y3 2 ® wY 1 - 0
— _ 5 .

zq (2) (UY0,1YOT51Y1,4 ® wYOT11> = (¢’2) Uy Vi Vas ® Wyt
+ .

z; (2) - (vYO YoV ® lUY011) = 0 in all the other cases,

where we set vY 1Y Y1422V =200 " Vy,, 1Y71Y1 %

From now we assume that n # 3 or k # 1. Then Uo- Vyy Ly is isomorphic

n k(n+1)YD,k(n+1)—1
to the simple f-highest weight Z/{q(slg) -module of (-highest weight Y{ j(;,41)-1Y0,1. This
module is studied in [Herl0, Manl2c|. We recall these results in the following example.

Example B.0.1. Let a,b € Z be such that a # b and a # b+ 2. Consider the simple
(-highest weight Uy(sl2)'-module V' of £-highest weight Y1 ,Y1 . We have

Xg(V) =Y1.Y1p + Yl,aY1,_bl+2 + Yfa1+2Y1,b + Y1Ta1+2Y1_b+2

In particular, there exists a basis

Yig UviaY ok Uyt Lyt }

v 1
{ Y1,aY1,60 Vy — 1,642 1,a+271,642

1,a+2
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where the action is given by

xf(z) “WiaYip — 0,
_ o b— +1 —by (b1
7 (2) vy, = Y(@T)0(¢" T 2) Uyl T (" 7)o 2) - vy, WYl
1
xf(z) ’ UY1 al+2Y b 6(qa+ Z) “UY1,,Y1 50
- . — b1y . _
2y (2) Uyl 0(g %) YoV b2
b+1
x—li_(z) ' UYl,aY1_b1+2 = (g " z) - U¥1,0Y1 6
- . _ — at1 Y.y _
r7 (2) YiaY o 6(¢"" =) Yy, RS
b— b+1 —b 1
xf(z) Uy a+2Y1 bio = ¥l ")olg ' 28 UYl as2Y1b + ol )5(q“+ 2) v R ¥ b1+2
xl_ (Z) ' UYI a+2Y1 b1+2 - 0’
and with vy, of £-weight m for m =Y ,Y1y, .. Yl_a+2Y1_b+2

So let us denote

m=Yo1Y, k(n+1)Y0 k(n+1)—1
mp = }/0_3 Yi 2Yn 2Y k(n+1)% k(n+1)—

ma = Yo1Y k(n+1)+1YLk(n+1)

and let v,,, and v,,, be such that

25 (2) - vm = Y@ 2) () v
(@ FOTN S (D ) (6P2) T - vy

The action on vy, ® wy-1 is:
0,1

w5 (2) - (Um ® U%,f) = W(¢*)e(¢" "V 2)d(2) vm @ wy ety =0,
7 (2) - (vm ® wYJf) = W(¢" ") (%) vy @ wy

T H D) (D 2 (P2) 7 vy ©

= 5(qk(n+1)z) “Umy ® wYO—ll,
5@ (@) = STy

zE(z) - (vm ® 'U)Y011> = 0 in all the other cases.

X Wy, —1
Yoi’

(n+1)—1 Yo k(nt1)-2
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The action on v,,, ® w,,-1 is:
2 YO 1

zg (2) (vm2 ® wle) = 5" o, ® Wyt
+¢(q23)¢(qk(n+l)+25)_15(2) " Umy @ lefolYnféYo,q
= 5(qk(”+1)) CUy ® Wyt
xy (2) - (vm2 ® wYUJl) = 5(@P2)U(¢P2)7 YoVt s1 Vikn ) V1.2V 2 ® WyL = 0,
xy (2) - (vm ® wYo,f) = §(gFm ). Uyoﬁlylj,j(nﬂ)ﬂyg,k(n“)“ Wy

zE(2) - (vm2 ® wYO_11> = 0 in all the other cases,

where we set vy, -1 -1
Y03 Y0 k(n41)+1 Y1 k(n+1) Y1,2Vn 2 .
or )

Hence we have shown formulas (B.1)) for the action of the negative part of Uy (slf;

The same computations hold for the action of Uy (sl?%)". We determine in this way a

basis of T(e™1Y;0Yp1) formed by f-weight vectors. The Cartan subalgebra U, (h) acts on
it by diagonalizable operators with a simple joint spectrum. Then T'(e™'Y; 0Yp1)) is a thin
Uy (slt7 1 )-module. We get Proposition [3.2.15| by twisting the action on T'(e®'Y7 ¢Yy1) by

the automorphism ¢, (a € C*).

::U(io-vmz.
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